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a b s t r a c t

A system modeling fluid motions in horizontal porous layers, uniformly heated from below and salted
from above by one salt, is analyzed. The definitely boundedness of solutions (existence of absorbing sets)
is proved. Necessary and sufficient conditions ensuring the linear stability of a vertical constant
throughflow have been obtained via a new approach. Moreover, conditions guaranteeing the global
non-linear asymptotic stability are determined.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

The research concerned with fluid motions in porous media has
been widely studied, in the past as nowadays, due to the large
applications in the real world phenomena like, for instance, in
geophysics, in contaminant transport and underground water flow
[1–20]. The models describing the fluid motion in porous media
are, in general, reaction–diffusion dynamical systems of P.D.Es,
which, as it is well known, play an important role in modeling and
studying many phenomena (see, for instance [21–29], and refer-
ences therein). In particular, convection in porous layers in the
presence of vertical throughflows finds relevant applications in
cloud physics, in hydrological studies, in subterranean pollution
and in many industrial processes [30–46,49,50. The effect of
vertical throughflow on the onset of convection has been con-
sidered in many cases, like, for example in a rectangular box [37];
combined with a magnetic field [38]; in a cubic Forchheimer
model [39]; when the density is a quadratic function of tempera-
ture [40] and under the action of an inclined temperature gradient
[41,42]. The present paper is devoted to study the effects of both
temperature gradient and salt concentration on the stability of a
vertical throughflow. Already in [30,31] the authors consider both
the effects. Precisely, the effect of variable thermal and solute

diffusivities on the onset of convection for non-constant through-
flows has been analyzed in [30]; while in [31] the stability of a
vertical constant throughflow in a porous layer, uniformly heated
and salted from below, has been investigated for determining
conditions ensuring the stability in the L2-norm.

In the present paper, we will analyze the more destabilizing
case of horizontal porous layers uniformly heated from below and
salted from above by one salt and, by using a new approach
proposed by Rionero [13–16], conditions ensuring the stability of a
vertical constant throughflow have been obtained.

The plan of the paper is as follows. Section 2 concerns with the
introduction of the mathematical model and the determination of
a vertical constant throughflow. The definitely boundedness of
solutions (existence of absorbing sets) is proved in Section 3,
while, in Section 4, the main boundary value problem is analyzed
and the independent unknown fields are determined. Section 5 is
devoted to the introduction of the linear auxiliary system, while
the non-linear equation governing each Fourier component of the
perturbations is introduced in Section 6 (according to the meth-
odology introduced by Rionero [13]). In Section 7 the global non-
linear stability of the vertical throughflow is investigated. The
paper ends with a section devoted to the final remarks.

2. Preliminaries

Let Oxyz be an orthogonal frame of reference with fundamental
unit vectors i, j, k (k pointing vertically upwards). The model
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describing the fluid motion in a horizontal porous layer of depth d,
uniformly heated from below and salted from above by one salt, in
the Darcy–Oberbeck–Boussinesq scheme, is given by

∇p¼ �μ
k
v�ρf gk;

∇ � v¼ 0;
∂T
∂t

þv �∇T ¼ KTΔT ;

∂C
∂t

þv � ∇C ¼ KCΔC;

2
666666664

ð2:1Þ

where

ρf ¼ ρ0½1�αT ðT�T0ÞþαCðC�C0Þ� ð2:2Þ
is the fluid mixture density and p is the pressure field, T is the
temperature field, v is the seepage velocity, C is the solute
concentration field, μ is the dynamic viscosity, k is the perme-
ability, ρ0 is the reference density, T0 is the reference temperature,
C0 is the reference solute concentration, �gk is the gravitational
acceleration, αT is the thermal expansion coefficient, αC is the
solute expansion coefficient, KT is the thermal diffusivity, and KC is
the solute diffusivity.

To (2.1) we append the boundary conditions

Tðx; y;0; tÞ ¼ TL; Tðx; y; d; tÞ ¼ TU ;

Cðx; y;0; tÞ ¼ CL; Cðx; y; d; tÞ ¼ CU ;

(
ð2:3Þ

where TL; TU ;CL;CU are positive constants such that TL4TU and
CLoCU (i.e. the layer is uniformly heated from below and salted
from above).

On considering the following dimensionless variables:

x′¼ x
d
; t′¼ KT

d2
t; v′¼ d

KT
v; p′¼ kðpþρ0gzÞ

μKT
;

T ′¼ ðT�T0Þ ~T ; C′¼ ðC�C0Þ ~C ;
~T ¼ αTρ0gkd

μKT ðTL�TU Þ

� �1=2

; ~C ¼ αCρ0gkd
μKTLeðCU�CLÞ

� �1=2

;

8>>>>>><
>>>>>>:

ð2:4Þ

system (2.1), omitting all the primes, reduces to

∇p¼ �vþðRTT�RSCÞk;
∇ � v¼ 0;
∂T
∂t

þv � ∇T ¼ΔT ;

Le
∂C
∂t

þv �∇C
� �

¼ΔC;

8>>>>>>><
>>>>>>>:

ð2:5Þ

where Le ¼ KT=KC is the Lewis number and

R2
T ¼

kdρ0αTgδT
μKT

is the thermal Rayleigh number;

R2
S ¼

Lekdρ0αCgδC
μKT

is the solute Rayleigh number; ð2:6Þ

with δT ¼ TL�TUð40Þ and δC ¼ CU�CLð40Þ. The boundary con-
ditions (2.3) become

Tðx; y;0; tÞ ¼ ðTL�T0Þ ~T ; Tðx; y;1; tÞ ¼ ðTU�T0Þ ~T ;
Cðx; y;0; tÞ ¼ ðCL�C0Þ ~C ; Cðx; y;1; tÞ ¼ ðCU�C0Þ ~C :

(
ð2:7Þ

A stationary constant throughflow, solution of (2.5)–(2.7), is given
by

vn ¼Qk; Q ¼ const;

TnðzÞ ¼RT ðeQz�1Þ
1�eQ

� ~T ðT0�TLÞ;

CnðzÞ ¼ �RSðeLeQz�1Þ
Leð1�eLeQ Þ � ~C ðC0�CLÞ;

pnðzÞ ¼ pn

0�QzþRT
R z
0 T

nðξÞ dξ�RS
R z
0 C

nðξÞ dξ;

8>>>>>>>><
>>>>>>>>:

ð2:8Þ

where pn

0 is a constant.

Setting

u¼ v�vn; θ¼ T�Tn; Γ ¼ C�Cn; π ¼ p�pn; ð2:9Þ

system (2.5) becomes

∇π ¼ �uþðRTθ�RSΓÞk;
∇ � u¼ 0;
∂θ
∂t

þu � ∇θ¼ � f 1ðzÞw�Q
∂θ
∂z

þΔθ;
∂Γ
∂t

þu � ∇Γ ¼ f 2ðzÞw�Q
∂Γ
∂z

þ 1
Le
ΔΓ;

8>>>>>>><
>>>>>>>:

ð2:10Þ

where u¼ ðu; v;wÞ and

f 1ðzÞ ¼
∂Tn

∂z
¼QRTeQz

1�eQ
ðo0Þ; f 2ðzÞ ¼ �∂Cn

∂z
¼ QRSeLeQz

1�eLeQ
ðo0Þ:

ð2:11Þ
To (2.10) we append the boundary conditions

w¼ θ¼Γ ¼ 0 on z¼ 0;1: ð2:12Þ

In the sequel, we will assume that

(i) the perturbations u¼ ðu; v;wÞ;θ;Γ are periodic in the x and y
directions of periods 2π=ax and 2π=ay, respectively;

(ii) Ω¼ ½0;2π=ax� � ½0;2π=ay� � ½0;1� is the periodicity cell;
(iii) u; v;w;θ;Γ belong to W2;2ðΩÞ, 8 tARþ and can be expanded

in the Fourier series, uniformly convergent in Ω, together
with all their first derivatives and second spatial derivatives.

Remark 2.1. Let us observe that when the throughflow tends to
zero ðQ⟶0Þ, (2.8) reverts to the conduction solution

vn

1 ¼ 0; Tn

1ðzÞ ¼ �RT z� ~T ðT0�TLÞ; Cn

1ðzÞ ¼
RS

Le
z� ~C ðC0�CLÞ:

ð2:13Þ

3. Absorbing sets

Let us denote by

� 〈�; �〉 and J � J the scalar product and the norm in L2ðΩÞ,
respectively;

� f þ ðxÞ ¼maxf0; f ðxÞg; f � ðxÞ ¼maxf0; � f ðxÞg, where f : R⟶R.

The following lemmas hold.

Lemma 3.1. Let ðu;θ;ΓÞA ½W2;2ðΩÞ�5 be a solution of (2.10)–(2.12).
Then

θ¼ ~θþθ ; Γ ¼ ~ΓþΓ in Ω� Rþ ; ð3:1Þ

with

j ~θjr1; j ~Γ jr1; ð3:2Þ

and θ , Γ decreasing functions of t such that

Jθð�; tÞJrfJ ðθ�1Þþ Jþ J ðθþ1Þ� Jgt ¼ 0e
�ηt ;

JΓ ð�; tÞJrfJ ðΓ�1Þþ Jþ J ðΓþ1Þ� Jgt ¼ 0e
�ηt ;

8<
: ð3:3Þ

where

η¼ π2min 1;
1
Le

� �
: ð3:4Þ

Proof. For the proof we refer to [48]. □

F. Capone et al. / International Journal of Non-Linear Mechanics 59 (2014) 1–82



Download English Version:

https://daneshyari.com/en/article/784887

Download Persian Version:

https://daneshyari.com/article/784887

Daneshyari.com

https://daneshyari.com/en/article/784887
https://daneshyari.com/article/784887
https://daneshyari.com

