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a b s t r a c t

Creep of cyclically loaded thin shells of revolution and their fracture due to creep and fatigue
mechanisms are studied. Creep–damage equations for steels and nickel-based alloys are built by the
use of scalar damage parameter. Constitutive equations were derived using the method of asymptotic
expansions and averaging over a period of cyclic loading. The cases of fast and slow varying of
temperature and loading are regarded. General problem statement and method for solution of creep
problems at cyclic loading are presented. Strain–stress state in shell structures is determined by the use
of homemade FEM creep–damage code, where the finite element of conical shell is used. Results of
creep–damage problem for conical panel are discussed.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Cyclic loading and heating are often met in industrial applica-
tions. As a rule, at elevated temperatures they essentially aggravate
the working conditions of structural elements because of increas-
ing of creep strain rate as well as decreasing of time to fracture
values. Because of the long duration and high costs of experi-
mental investigations of structural elements; their numerical
simulations are necessary. Despite the fact that solutions of linear
problems can be obtained numerically by the use of FEM software,
modeling of non-linear problems meet considerable difficulties.
One of them is adequate formulation of constitutive equations,
especially for complex cases of deformation processes like cyclic
loading. The case of joint action of static and cyclically varying
loading have long attracted the attention of scientists and
engineers. The more general case of stresses which exceed the
yield limit has been studied in detail [1–6]. The interest to such
phenomenon continues unabated and interaction between
low-cycle fatigue and creep effects for the cases of cyclic varying
of loads and temperatures attracts the attention of researchers
over the last decade [7–10].

However, operational conditions of many structural elements
which work in aviation, power and chemical industry are designed
so that arising stresses do not exceed yield limit. This fact allows
the use of simplified approaches, one of the most effective is
averaging of resulting curves of strain growth and damage

accumulation. If the number of cycles is high, the changes of these
parameters through a cycle can be regarded as negligible, but the
cyclic varying of stresses and temperatures influences on the rates
of strain and damage parameter. For the case of cyclic variation of
temperatures or stresses the approach connected with averaging
of resulting creep strain curves has been shown to be effective
[11–15]. Such clear physical procedure got its mathematical
justification by the way of using the methods of asymptotical
expansions and averaging over a period of stress or temperature
variation [15–17].

Present investigations which have been done in this direction
were focused on particular cases of cyclic creep–damage problems.
The phenomenon of so-called dynamic creep [12], when cyclic
variation of stresses due to forced vibrations is imposed on the
static stress component has been investigated for plane creep
problems [16]. Further interaction between damage accumulation
from dynamic creep process and high cycle high temperature
fatigue has been analyzed for thin shells of revolution in [17]. The
situations of slow variation of stresses and temperatures were
studied in [18,19].

However, a certain number of structural elements is loaded and
heated by complex programs. In addition their forced vibrations
cannot be completely suppressed. That is why the formulation of
the generalized approach to description of creep–damage pro-
cesses allowing consideration of complex programs of loading and
heating can be regarded as useful for engineering applications.

The main goal of this paper is to discuss the derivation method
for creep problems with complex cyclic loading or heating
programs. The examined problem can be considered as an

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/nlm

International Journal of Non-Linear Mechanics

http://dx.doi.org/10.1016/j.ijnonlinmec.2014.02.005
0020-7462 & 2014 Elsevier Ltd. All rights reserved.

n Corresponding author. Tel.: þ380 577076058.
E-mail address: brdm@kpi.kharkov.ua (D. Breslavsky).

International Journal of Non-Linear Mechanics 66 (2014) 87–95

www.sciencedirect.com/science/journal/00207462
www.elsevier.com/locate/nlm
http://dx.doi.org/10.1016/j.ijnonlinmec.2014.02.005
http://dx.doi.org/10.1016/j.ijnonlinmec.2014.02.005
http://dx.doi.org/10.1016/j.ijnonlinmec.2014.02.005
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijnonlinmec.2014.02.005&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijnonlinmec.2014.02.005&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijnonlinmec.2014.02.005&domain=pdf
mailto:brdm@kpi.kharkov.ua
http://dx.doi.org/10.1016/j.ijnonlinmec.2014.02.005


example of the application of this technique. With this example in
mind the other practical problems with different types of cyclic
programs can be solved. However, the most common cases are
considered.

The paper contains the generalized constitutive model in which
the list of possible effects related to cyclic character of loading and
heating is considered. The method of solution is presented first for
general 3D case and further for thin shells of revolution. FEM
approach with time numerical integration was used.

2. Constitutive model for different cases of cyclic loading

The mostly common case which includes the cycles of loading/
unloading and heating/cooling is regarded. Let us first regard at
the behavior of the material at uniaxial stress state. Results will be
further generalized to the complex stress state.

It is well known that mechanical behavior of the specimen
subjected by cyclic loading significantly depends upon its fre-
quency. The cyclic creep–damage processes in a solid which are
originated by the action of temperature field can be divided into
the action of low or high cycle loading or heating.

Equations for rates of creep strain c and damage parameter ω
for the uniaxial loading that are used in the Bailey–Norton and
Rabotnov–Kachanov [20] forms:

_c¼ B
ðsÞn

ð1�ωÞk
; _ω¼D

ðsÞr
ð1�ωÞl

ð1Þ

where B, n, k, D, r, and l are the material constants.
Let us limit by this constitutive model.
For all cases of cyclic loading total stress in the specimen is

presented as a sum of constant part s and varying part
s1 : s¼sþs1. Just the same the temperature has constant part
T and varying part T1 : T ¼ TþT1.

Firstly let us regard the quasi static creep processes with long
periods more than 1 s. Generally they can be presented as poly-
harmonic with the global period Ts:

s¼sþs1 ¼ s 1þ ∑
1

k ¼ 1
Mk sin

2πk
Ts

tþγk

� � !
ð2Þ

At first we consider that temperature has the constant value T.
We expand creep strain and the damage parameter into

asymptotic series of the small parameter μ¼ Ts=tn⪡1 [21] and
keep two terms of series:

cffic0ðtÞþμc1ðξÞ; ωffiω0ðtÞþμω1ðξÞ ð3Þ
where c0(t), ω0(t), c1(ξ), ω1(ξ) are the functions which coincide
with basic creep–damage process in slow (0) and fast (1) time
scales.

Used truncated asymptotic series have direct physical meaning:
the first term corresponds to slow motion whereas the second
describes the motion through a cycle.

Two times are considered: slow time t which varies from 0 to
the time to rupture moment tn; fast time τ¼ t=μ or ξ¼ τ=Ts
ð0rξr1Þ [18]. After the substitution of Eq. (3) into Eq. (1) and
further averaging [21,22] over the period of stress variation we
obtain the expressions of creep strain and the damage parameter
on the time interval ð0rξr1Þ:

〈c0ðξÞ〉¼
Z 1

0
c0ðtÞdξffic0ðtÞ; 〈c1ðξÞ〉¼

Z 1

0
c1ðξÞdξffi0; ð4Þ

〈ω0ðξÞ〉¼
Z 1

0
ω0ðtÞdξffiω0ðtÞ; 〈ω1ðξÞ〉¼

Z 1

0
ω1ðξÞdξffi0; ð5Þ

Substituting Eqs. (4) and (5) into Eq. (1) we obtain [18]:

_c¼ BgnðMkÞ ðsÞn
ð1�ωÞm; _ω¼DgrðMkÞ ðsÞr

ð1�ωÞl; ωð0Þ ¼ω0;ωðtnÞ ¼ ωn

gnðMkÞ ¼
Z 1

0
1þ ∑

1

k ¼ 1
Mk sin ð2πkξÞ

 !n

dξ;

Mk ¼
sak

s ; grðMkÞ ¼
Z 1

0
1þ ∑

1

k ¼ 1
Mk sin ð2πkξÞ

 !r

dξ: ð6Þ

The main result here is following: we escaped from the
necessity of the integration over the cycle and obtained averaged
cyclic creep–damage laws. Here the functions gn(Mk) and gr(Mk)
reflect the influence of cyclic character of loading.

If we consider more general low cycle process when not only
stress varies due to law (2) but the temperature also:

T ¼ TþT1 ¼ T 1þ ∑
1

i ¼ 1
MT

i sin
2πi
TT

tþγTi

� � !
; MT

i ¼ Ta
i =T ; ð7Þ

the creep–damage laws can be written in the following forms [20]:

_c¼ B
sn

ð1�ωÞm exp �Uc

RT

� �
¼ BðTÞ sn

ð1�ωÞm ; ð8Þ

_ω¼D
sr

ð1�ωÞl
exp �Ud

RT

� �
¼DðTÞ sr

ð1�ωÞl
ð9Þ

Here Uc and Ud are the constants which are equal to the values of
activation energy in creep and creep damage processes, R is the
universal gas constant. In the remainder we use the notations
Q¼Uc/R and Q¼Ud/R.

Using the described asymptotic expansions method and the
procedure of averaging over a periods of loading and heating for
Eqs. (8) and (9), considering the results of similar procedures
which led to Eq. (6), the low cycle creep–damage equations can be
written in the following form:

_c¼ gT ðTÞgnðMkÞ
sn
i

ð1�ωÞm; cð0Þ ¼ 0; ð10Þ

_ω¼ grðMkÞgωT ðTÞ
sr

ð1�ωÞl
; ωð0Þ ¼ω0; ωðtnÞ ¼ ωn ð11Þ

where

gT ðTÞ ¼ B
R 1
0 exp �Q

T 1þ ∑
1

i ¼ 1
MT

i sin ð2πiξÞ
 !�1

0
@

1
Adξ; MT

i ¼ Ta
i
T ;

gωT ðTÞ ¼D
Z 1

0
exp

�Q
T

1þ ∑
1

i ¼ 1
MT

i sin ð2πiξÞ
 !�1

0
@

1
Adξ:

Now let us consider the case of mono-harmonic sine loading,
with frequencies more than 1 Hz

s¼sþsa sin ϖt; ð12Þ
where sa and s are the amplitude and the mean stress,
respectively.

In this case when the frequencies of oscillations correspond to
phenomenon of forced vibrations the processes of dynamic creep
as well as the creep–high cycle fatigue interaction can occur [12].
The character of a running processes is different depending of the
value of stress cycle asymmetry coefficient A¼sa=s. The pro-
cesses of dynamic creep and creep–fatigue interaction are divided
by the value of so-called critical stress cycle asymmetry coefficient
Acr . It is known from experiments [12] that the dynamic creep
occurs at low values of A, which causes the substantial acceleration
of creep strain and damage rates. By the use of the procedures of
asymptotic expansions and averaging over a period of forced
vibrations like (3) and (4), we obtain dynamic creep averaged
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