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Abstract

This paper considers the magnetothermoelastic problem of functionally graded material (FGM) hollow structures subjected to

mechanical loads. Exact solutions for stresses and perturbations of the magnetic field vector in FGM hollow cylinders and FGM hollow

spheres are determined using the infinitesimal theory of magnetothermoelasticity. The material stiffness, thermal expansion coefficient

and magnetic permeability are assumed to obey the same simple power-law variation through the structures’ wall thickness. The aim of

this research is to understand the effect of composition on magneto- thermoelastic stresses and to design optimum FGM hollow cylinders

and hollow spheres.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Functionally graded materials (FGM) that decrease
thermal stresses have been developed for structural
components or mechanical elements such as those used in
nuclear, aircraft and space engineering. The FGM is a type
of nonhomogeneous material whose composition is chan-
ged continuously. There are many ways to change the
composition. It is expected that these materials will be
particularly useful in high-temperature applications. To aid
in the design of these materials, it would be useful to have
an understanding of the manner in which the property
gradients affect the induced thermal stresses. To date there
have only been a few studies of the magnetothermoelastic
behaviour of functionally gradient materials.

Durodola and Adlington [1] presented the use of
numerical methods to assess the effect of various forms
of gradation of material properties to control deformation
and stresses in rotating axisymmetric components such as
disks and rotors. Nadeau and Ferrari [2] presented a one-
dimensional thermal stress analysis of a transversely
isotropic layer that was inhomogeneous in its thickness.

Using the infinitesimal theory of elasticity, Naki and Murat
[3] obtained closed-form solutions for stresses and dis-
placements in functionally graded cylindrical and spherical
vessels subjected to internal pressure. Fukui et al. [4]
studied the problem of uniform heating of a radial
inhomogeneous thick-walled cylinder. Kwon et al. [5]
studied the case of a graded sphere under non-uniform
temperature variations by using a numerical integration
procedure. Obata and Noda [6] used a perturbation
approach to study the thermal stresses in a functionally
graded hollow sphere and cylinder that was uniformly
heated. Sugano [7] presented an analytical solution for the
thermal stresses in a hollow cylinder whose Young’s
modulus and thermal expansion coefficient varied with
radius but whose Poisson’s ratio was constant. Lutz and
Zimmerman [8] solved the problem of the uniform heating
of a spherical body whose elastic modulus and thermal
expansion coefficients each vary linearly with radius.
However, investigations of exact solutions for FGM
hollow cylinders and spheres, placed in a uniform magnetic
field and temperature field, subjected to mechanical loads
have not been found in the literature.
The present paper, by employing simplifying assump-

tions, presents simple, tractable closed-form solutions for a
FGM hollow cylinder and a FGM hollow sphere. Closed-
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form solutions for the through thickness stresses
and the perturbation of the magnetic field vector in the
FGM hollow cylinder and FGM hollow sphere are
obtained. The model leads to solution of the stan-
dard Euler–Cauchy equation. The aim of this research is
to understand the effect of the volumetric ratio
of constituents and porosity on magnetothermoelastic
stresses and perturbation of magnetic field vector and to
design optimum FGM hollow cylinders and FGM hollow
spheres.

2. Basic formulations and solutions

2.1. FGM hollow cylinder

Consider a long, FGM hollow cylinder with perfect
conductivity placed in a uniform magnetic field H

*
ð0; 0;HzÞ,

letting the cylindrical coordinates of any representative
point be (r, y, z), and assuming that the FGM hollow
cylinder is subjected to a rapid change in temperature T

and mechanical loads. For the axisymmetric plane strain
problem, the constitutive relations are

sr ¼ c11
qu

qr
þ c12

u

r
� l1T ; sy ¼ c12

qu

qr
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u

r
� l2T ,

(1a,b)

l1 ¼ c11ar þ c12ay; l2 ¼ c12ar þ c22ay, (1c)

where cijði; j ¼ 1; 2Þ and aiði ¼ r; yÞ are elastic constants and
thermal expansion coefficients, respectively, siði ¼ r; yÞ are
the components of stress.

Assuming that the magnetic permeability, m, [9] of the
FGM hollow cylinder equals the magnetic permeability of
the medium around it, assuming the medium to be non-
ferromagnetic and non-ferroelectric and ignoring the
Thompson effect the simplified Maxwell equations [10,11]
of electrodynamics for a perfectly conducting elastic
medium are
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Applying an initial magnetic field vector H
*
ð0; 0;HzÞ in

cylindrical coordinates (r, y, z) to Eq. (2), yields
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, (3a)
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(3b)

The equilibrium equation of the FGM hollow cylinder,
in the absence of body forces, is expressed as

qsr

qr
þ

sr � sy

r
þ

qtz

qr
¼ 0, (4)

where Maxwell’s electro-magnetic stress tz is given by
[10,12]

tz ¼ mðrÞðJ
*
�H

*
Þ ¼ mðrÞH2

z

qu
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� �
. (5)

The boundary conditions are

srjr¼a ¼ pa; srjr¼b ¼ pb, (6)

where a and b are the inner and outer radii of the FGM
hollow cylinder, respectively.
It is now considered that all material coefficients

have the same power function along the radial dire-
ction, i.e.

c11 ¼ c̄11rb; c12 ¼ c̄12rb; ar ¼ ārr
b,

ay ¼ āyrb; mðrÞ ¼ m̄rb. ð7Þ

Here, c̄11, c̄12, ār, āy and m̄ are constants, and b is a
parameter representing the inhomogeneous variations.
Similar assumptions can be found in previous studies
[13–15]. The range �2pbp2 to be used in the present
study covers all the values of coordinate exponents
encountered in the references cited earlier. However, these
values for b do not necessarily represent a certain material.
Various values of b are used to demonstrate the effect of
inhomogeneity on the stresses and perturbation of mag-
netic field vector distributions.
By means of Eq. (7), substituting Eqs. (1) and (5) into

Eq. (4), yields

r2
q2u

qr2
þ ð1þ bÞr

qu

qr
þ ðIb� 1Þu ¼ JrT , (8)
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Nomenclature

U
*
, u displacement vector and radial displacement

(m)
cij elastic constants (N/m2)
ar, ay thermal expansion coefficients (1/K)
sr, sy components of stresses (N/m2)
T temperature change (K)
r, t mass density (kg/m3) and time variable (s)

r radial variable (m)
H
*

magnetic intensity vector
h
*

perturbation of magnetic field vector
J
*

electric current density vector
e
*

perturbation of electric field vector
m magnetic permeability (H/m)
tz, tf electro-magnetic stress (N/m2)
a, b inner and outer radii of the FGM hollow

cylinder and the FGM hollow sphere (m)
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