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Abstract—The polarization switching of the incommensurate (INC) phases induced by flexocoupling in perovskite ferroelectric thin films is inves-
tigated with a multi-field coupling theoretical framework combining the flexoelectric effect. The dominant factors of the formation of INC phases
that show antiferroelectric-like double hysteresis loops are examined. The simulations show that mechanical boundary conditions have little influence
on the polarization responses of INC phases. The polarization switching behaviors of INC phases are governed by the flexocoupling types described
by different flexocoupling coefficients. Only the transverse flexocoupling coefficient related INC phases show antiferroelectric-like double hysteresis
loop. The longitudinal flexocoupling coefficient related and shear flexocoupling coefficient related INC phases show imprint-like hysteresis loops and
hysteresis loops similar to those of the ferroelectric phase, respectively. The observed different polarization switching behaviors are rationalized by
free energy density curves of the INC phases.
� 2015 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

In the past four decades, the INC phases have been
observed in a large number of ferroelectric materials, and
have attracted considerable interests of scientists [1–6].
The INC phase is defined as the phase in which the lattice
period has a sinusoidal spatial modulation [2,3]. Many
efforts have been taken to explore the driving forces that
are responsible for the appearance of the INC phase [7–
10]. One of the most likely driving forces is flexoelectric
coupling [11–15], which describes the generation of an elec-
tric field by a strain gradient (the direct flexoelectric effect)
or the mechanical response induced by an electric field gra-
dient (the converse flexoelectric effect):

Ei ¼ �f klij

@ekl

@xj
ð1aÞ

rij ¼ f ijkl

@P k

@xl
ð1bÞ

Here, Ei, rij, ekl, Pk and xj are electric field, stress, strain,
polarization, and position coordinate, respectively. fijkl are
components of the flexoelectric tensor. Already in 1970,
Axe et al. [1] pointed out that the formation of a modulated
INC phase in potassium tantalate is a result of flexoelectric
coupling. Since then, many scientists including Blinc and
Levanyuk [16], Petzelt [4], Maclaren et al. [5] and
Ahluwalia et al. [6] confirmed this point of view in the study
of the INC phase in ferroelectric materials.

As we know, macro electric properties of ferroelectrics
are closely related to the polarization switching [15,17–
19]. Since polarization distribution in an INC phase is
totally different from that in a ferroelectric phase [6], it is
natural to expect that the polarization switching in an
INC phase is also dissimilar to that in a ferroelectric phase.
Therefore, ferroelectrics in the flexoelectric coupling related
INC phases are predicted to have intriguing macro electric
properties. In other words, the INC phase may be the phy-
sic origin of some abnormal properties of ferroelectric
materials. In fact, Tagantsev et al. [10] revealed that the
antiferroelectric state in lead zirconate is a ‘missed’ INC
phase, and that the paraelectric to antiferroelectric phase
transition is driven by the softening of a single lattice mode
via flexoelectric coupling. Our previous study [20] demon-
strated that the INC phase induced by the f1122 related cou-
pling shows antiferroelectric-like double hysteresis loops
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under a high electric field. However, though we have rea-
lized that the INC phases induced by flexocoupling can pre-
sent intriguing macro electric properties, our understanding
of the INC phases is still rather incomplete. There are still
no studies investigating the dominant factor in the develop-
ment of INC phases that show antiferroelectric-like proper-
ties. Also, there are still no studies clarifying whether
flexoelectric coupling related INC phases can show other
unexpected properties.

To address these issues, a multi-field coupling theoretical
framework of flexoelectric effect, which is developed in our
previous work [20], is adopted to study the polarization
switching of the flexocoupling-driven INC phases in per-
ovskite ferroelectric thin films. In order to clarify whether
the mechanical boundary condition is a key factor in devel-
opment of INC phases that show antiferroelectric-like
property, the mechanical boundary conditions in the pre-
sent study are different from those in our previous study.
The ferroelectric thin film here are constrained by two elec-
trodes, while in our previous study only the bottom surface
of the ferroelectric thin film is constrained. For a material
of cubic point group, there are three independent compo-
nents of the flexoelectric coefficients: f1111, f1122, and f1212

(=f2121), describing three different flexocoupling types. For
the purpose of examining whether the flexocoupling type
is a dominant factor in formation of INC phases that show
antiferroelectric-like property and clarifying whether INC
phases can show other unexpected properties, we study
the polarization switching of INC phases induced by three
different flexocoupling types: (a) f11 – 0, f12 = f44 = 0, (b)
f12 – 0, f11 = f44 = 0, (c) f44 – 0, f11 = f12 = 0, where f11,
f12, and f44 are respectively the Voigt form of the tensors
f1111, f1122, and f1212.

The simulation results predict that the mechanical
boundary condition is not a key factor that governs the
polarization response of the INC phases though it can
affect the polarization distributions of the INC phases
and the threshold value at which the INC phase formed.
The polarization switching is mainly influenced by the
flexoelectric coupling type. Only the f12 coupling related
INC phases show antiferroelectric-like double hysteresis
loops. The other two flexocoupling type induced INC
phases demonstrate distinct polarization switching
behaviors.

2. Theoretical framework for electromechanical coupling
behavior considering flexoelectric effect

Three sets of equations should be included to establish
the multi-field coupling theoretical framework of flexoelec-
tricity, they are [20]

(a) Thermodynamic potential considering flexoelectric effect

Generally, it requires three physical fields, namely the
polarization field, electric field and displacement field, to
describe the multi-field coupling behavior of ferroelectric
materials under electrical and mechanical loadings [21].
The quantities utilized to depict these three physical fields
are displacement (u), stress (r), strain (e), double stress
(t), strain gradient ($e), electric potential (u), electric field
(E), electric displacement (D), polarization (P) and polar-
ization gradient ($P). Among them, e, E, P, $P and $e
are chosen as independent variables [21,22] for the

following numerical implementations. The corresponding
thermodynamic potential density for this set of independent
variables is electric enthalpy, which can be expressed as
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where the indices run from 1 to 3, repeating indices imply
summation, and commas imply differentiation. The first
three terms in Eq. (2) represent the Landau free energy den-
sity, where aij, bijkl, cijklmn are the phenomenological
Landau-Devonshire coefficients [23]. The fourth term
denotes the elastic energy density of the system, in which
cijkl are the elastic constants. The fifth term denotes the cou-
pling energy density between the polarizations and the
strains, where qijkl are the electrostrictive coefficients. The
sixth term is the polarization gradient energy density, in
which gijkl are the gradient energy coefficients. The seventh
and eighth terms denote the electric energy density due to
the presence of an electric field, where e0 is the dielectric
permittivity of vacuum and kii are the background dielec-
tric constants of the ferroelectric film. The last term denotes
the flexoelectric coupling energy density, where fijkl are
components of the flexocoupling tensor.

(b) Constitutive equations of each physical field with
flexoelectricity

The constitutive equations of each physical field can be
derived from the electric enthalpy density defined in Eq.
(2), i.e.
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where gi is the effective local electric force, Kij can be taken
as higher order local electric force. tijl, the double stress ten-
sor, work-conjugate with the strain gradient tensor eij,k =
oeij/oxk.

(c) The balance laws and boundary conditions for each
physical field

The mechanical equilibrium equation accounting for
contributions from strain gradients is given based on the
Mindlin’s strain gradient theory [24,25]

ðrik � tijk;jÞ;i þ bk ¼ 0 ð4Þ

where bk are the components of a body force per unit
volume.

The electric field is governed by the Maxwell’s (or
Gauss’) equation

Di;i � f ¼ 0 ð5Þ
where f is the volume charge density.

The temporal evolution of the polarization field is gov-
erned by the time dependent Ginzburg–Landau equations
[22,26–30],
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