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Carrying out explicitly the computation in a paradigmaticmodel of non-interacting systems, theGaussianmodel,
we show the existence of a singular point in the probability distribution P(M) of an extensive variable M.
Interpreting P(M) as a thermodynamic potential of a dual system obtained from the original one by applying a
constraint, we discuss how the non-analytical point of P(M) is the counterpart of a phase-transition in the
companion system. We show the generality of such mechanism by considering both the system in equilibrium
or in non-equilibrium state following a temperature quench.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Phase transitions are described by thermodynamic functions
displaying singular behavior. For many complex systems, like
inhomogeneous or disordered systems, the basic mechanisms of
phase transitions are still under debate. On the other hand, there is
a large class of systems where the occurrence of a phase-transition
can be ascribed to the existence of a constraint, acting as an effective
interaction for otherwise independent variables. For instance, it is
well known that in bosons with an unrestricted number, as photons
or phonons, phase transitions do not show up. But the situation
changes radically when particles with a conserved number are
considered, leading to the remarkable phenomenon of the Bose–Einstein
condensation (BEC) [1]. The condensation mechanism, with a certain
sector of the phase space (the zero wavevector model in BEC) becoming
macroscopically populated, is typical of phase transition in constrained
systems. Another worth example is provided by the Spherical model of
Berlin and Kac [2], obtained by constraining the order parameter field
of the Gaussian model on a hypersphere of radius S[2,3]. While the
Gaussian model is paradigmatic of a non-interacting system [4] with
well-known trivial equilibrium properties, the Spherical model shows
a highly non-trivial behavior, characterized by a second-order phase
transition in d = 3.

Constraints also appear in a conceptually different context, when one
wants to evaluate the probability of observing an extremely unlikely
valueM of a macrovariableM, as for instance the energy in a canonical

setting, due to a rare fluctuation of a thermodynamic system. Loosely
speaking, in a sense that finds a clear explanation in the context of the
large deviation theory[5] and that will better qualified in Section 2, the
measurement of suchprobability can be regarded as a constraint applied
on the system, since this basically amounts to keep the configurations
where the constraint M = M is fulfilled, discarding the others. Then,
recalling the previous discussion, even if the average properties of
the system under study are trivial, it can appear not surprising that the
measurement of theprobability distributionof someof itsmacrovariables
may show singular points. However, only very recently, the occurrence of
singularities in the large deviation functions of a number of different
models has been recognized [6–11] and interpreted in terms of a
condensation mechanism.

Recently [12], we have studied the occurrence of a non-analytical
behavior in the probability distribution of macrovariables in the
context of the Gaussianmodel. ChoosingM ¼ S, the order parameter
variance, this amounts to impose the Berlin–Kac constraint, as said
above. The purpose of this paper is, after reviewing some of the
results of [12], to discuss the singular behavior of the probability
distribution of S not only in equilibrium but also, by considering
the relaxation following a temperature quench, in the largely
unknownarea of the non-equilibriumprocesseswithout time translation
invariance [13,14].

The paper is organized as follows: In Section 2 we describe on
general grounds the relation between the probability of fluctuations
of macrovariables and the application of a constraint and, in Section 2.1,
how such probabilities can be computed by saddle point techniques in
the large-volume limit. The Gaussian model is introduced in Section 3.
This is the central section of the paper,where the probability distribution
of a particular macrovariable is explicitly determined (Sections 3.1, 3.2)
and its non-analytical behavior is discussed (Section 3.3). This leads to
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the determination of a phase-diagram, namely the parameter region
where condensation of fluctuations occurs, in Section 3.4. Finally, in
Section 4 we conclude by a discussion of some open points and the
perspectives of future research on the subject.

2. Probability distributions of macrovariables and constraints

Let us consider a thermodynamic system whose microscopic
degrees of freedom we denote by φ = {φi}, where i labels each of
such variables. For instance, φi ≡ S

!
i could be the spin on the sites i of a

lattice in the case of a magnetic system.
Let P(φ, J) be the probability distribution of the microstates in the

presence of certain control parameters J, such as volume and temperature
and, if the system is not in equilibrium, time. A generic random variable,
like the energy of the system in contact with a bath, is a functionM(φ)
of the representative point in the phase-space Ω. The probability to
observe a certain value M of such fluctuating quantity can be formally
written as

P M; Jð Þ ¼
Z

Ω
dφP φ; Jð Þδ M−M φð Þð Þ: ð1Þ

In the case of equilibrium states, the expression on the r.h.s. of this
equation can be readily interpreted as the partition function of a new
system, whose microstates φ occur with probability

P φ;M; Jð Þ ¼ 1
P M; Jð Þ P φ; Jð Þδ M−M φð Þð Þ: ð2Þ

This system is obtained from the original one by fixing

M φð Þ ¼ M: ð3Þ

This constraint could be, in specific examples, the conservation of
the number of particles in a bosonic gas or the restriction on the
hypersphere of the order-parameter field in the Spherical model.

Moving the value ofM itmayhappen that a critical pointMc is crossed
in the constrained model. Resorting again to the previous examples, by
fixing all the other control parameters (among which temperature),
BEC is observed upon raising the free boson number above a certain
value, or the ferromagnetic phase is entered in the Spherical model
when the hypersphere radius exceeds Sc.

If this happens, the partition function of the constrained model will
be singular at criticality and, because of Eq. (1), a point of non-analyticity
will be found in the probability distribution P(M, J) of the fluctuating
variable M.

So far we have discussed the case of equilibrium states, where the
r.h.s. of Eq. (1) can be interpreted as the partition function of a restricted
model. If the system is not in equilibrium, this expression is not amenable
of the same interpretation. Nevertheless a singularity can still be
produced by a mechanism which resembles a dynamical phase-
transition, as it will be shown in Section 3.4.

2.1. Large volume limit

Introducing the integral representation of the δ function δ xð Þ ¼

∫
αþi∞
α−i∞

dz
2πi

e−zx , Eq. (1) becomes

P M; Jð Þ ¼
Z αþi∞

α−i∞

dz
2πi

e−zMKM z; Jð Þ ð4Þ

where

KM z; Jð Þ ¼
Z

Ω
dφP φ; Jð ÞezM φð Þ ð5Þ

is the moment generating function of M. If the system is extended
and M(φ) is an extensive macrovariable, for large volume Eq. (4)
can be rewritten as

P M; J;Vð Þ ¼
Z αþi∞

α−i∞

dz
2πi

e−V zmþλM z; Jð Þ½ � ð6Þ

where we have explicitly separated the volume V from the bunch of
control parameters J, m is the density M/V and

−λM z; Jð Þ ¼ 1
V
lnKM z; J;Vð Þ ð7Þ

is volume independent in the large-volume limit. Carrying out the
integration by the saddle point method one arrives at

P M; J;Vð Þ∼e−VIM m; Jð Þ ð8Þ

with the rate function

IM m; Jð Þ ¼ z�mþ λM z�; J
� � ð9Þ

and where z∗(m, J) is the solution, supposedly unique, of the saddle
point equation

∂
∂zλM z; Jð Þ ¼ −m: ð10Þ

Eq. (8) amounts to the large deviation principle, according to which
the probability of a fluctuation of a macrovariable is exponentially
damped by the system volume with rate function IM m; Jð Þ.

3. A specific example: the Gaussian model

As a simple, fully analyticalmodel to test the above ideas the Gaussian
model was considered in [12]. The set of microvariables are represented

by a scalar order parameter fieldφ x!
� �

, governed by the bilinear energy

functional

H φ½ � ¼ 1
2

Z
V
d x! ∇φð Þ2 þ rφ2 x!

� �h i
ð11Þ

where r is a non-negative parameter. In order to study both the
equilibrium behavior and the non-equilibrium process where time
translational invariance is spoiled we consider a protocol where the
system is kept in equilibrium at the temperature TI at times t b 0. Then,
at the time t=0 it is instantaneously quenched to the lower temperature
TF. The dynamics, without conservation of the order parameter, is
governed by the overdamped Langevin equation (Ref. [4])

φ̇ x!; t
� �

¼ ∇2−r
h i

φ x!; t
� �

þ η x!; t
� �

ð12Þ

where η x!; t
� �

is the white Gaussian noise generated by the cold

reservoir, with zero average and correlator

η x!; t
� �

η x!0
; t0

� �D E
¼ 2T Fδ x!− x!0� �

δ t−t0
� �

; ð13Þ

where we have set to unity the Boltzmann constant. Due to linearity,
the problem can be diagonalized by Fourier transformation. For the

Fourier components φ
k
! ¼ ∫

V
d x!φ x!

� �
ei k
!� x! , by imposing periodic

boundary conditions, one gets the equations of motion

φ̇
k
! tð Þ ¼ − k2 þ r

� �
φ

k
! tð Þ þ η

k
! tð Þ ð14Þ
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