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Form of critical nuclei at homo-phase boundaries
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Even though more than six decades have passed since the first theory on heterogeneous nucleation at grain
boundaries (GBs) was established in the 1950s, the concurrent shape variation (co-deformation) of both the nu-
cleus and the GBwas still not captured by existingmodels. By using a fully variational approach, we demonstrate
for the first time that a nucleus with low-energy facet(s) is highly deformable in response to its interaction with
the GB along the triple junction line and, consequently, its energy of formation can be reduced by orders of mag-
nitude relative to predictions by previous methods.
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Since nucleation is the first step in all first-order phase transforma-
tions that are ubiquitous in nature (such as formation of dew drops on
a spider's web) and widely utilized in many technologies (such as envi-
ronmental science and technology, chemical and metallurgical engi-
neering, materials design and synthesis, food science and processing,
etc.) [1], the ability to control the process is of tremendous scientific
and practical significance. For example, people have been using disloca-
tions, internal interfaces, and patterned templates or substrate surfaces
to direct nucleation and tune the number density, size, shape, orienta-
tion and spatial distribution of desired phases [2–10].

However, nucleation is still one of the toughest nuts to crack, in partic-
ular for solid state processes, and heterogeneous nucleation (HN), even
though much more common, appears to be even more difficult to deal
with as compared to homogeneous nucleation. Consider, for example,
the most classical problem of HN of a new phase at a pre-existing
homo-phase interface such as grain boundaries (GBs). Existing studies
[11–14] suggest that the process is often complicated by the necessity to
account simultaneously for orientation relationships between the nucleus
and the parent crystals, formation of low-energy facets on the nucleus
(see schematic drawings in Fig. 1(c) and (d)), and the interactionbetween
the facets and the GB planes that leads to their concurrent shape variation
(co-deformation). Moreover, the properties of a critical nucleus (including
its size, shape, and activation energy barrier for nucleation) depend sensi-
tively on the GB characteristics (i.e., misorientation and inclination).

Because of these challenges, the existing models for HN at GBs, both
classical [15] and non-classical [16,17], considered only a limited num-
ber of degrees of freedom for the nucleus and GB to relax their shapes
and hence are not able to provide a complete sampling over all possible
configurations, except for a few simple cases. For example, the work by
Clemmand Fisher [18] and its extension by Cahn andHoffman [19] con-
sidered a double-spherical-cap as the equilibrium shape of a critical nu-
cleus (Fig. 1(a)). Latter Lee andAaronson [20,21] and Carter et al. [22,23]
considered faceted nucleus by using respectively a modifiedWulff con-
struction (Fig. 1(b)) and a double-winterbottommethod [22,24]. By as-
suming that the shape of a nucleus derived from the graphical methods
is the shape that a critical nucleus will take and, correspondingly, the
adjoining GB takes either a non-puckered (planar) [20] (Fig. 1(c)) or
puckered (curved with a zero mean curvature) shape (Fig. 1(d)), they
are able to consider simultaneously the dependence of critical nucleus
shape on GB energy and interfacial energy and its anisotropy (see
Fig. S3 in Supplementary material (SM)). However, both the criticla nu-
cleus and the GB may change their shapes in response to their mutual
interactions [13,14]. Furthermore, the torque term [26] (Fig. 1(b)), orig-
inated from interfacial energy anisotropy and reflecting the resistance
of an interface to rotation, is not considered in these approaches,
which is, however, a prerequisite to achieve a complete force balance
at the interface junction where the low-energy facet of a nucleus inter-
sects the GB. Thus the shape of a critical nuclei predicted in these ap-
proaches may not be the true equilibrium shape (unconstrained).

Recent molecular dynamics studies of HN at GBs [13,14,25] have
shown that, in the case of low-energy facet(s) in contact with a GB,
the nucleus shape deviates significantly from its counterpart derived
by the graphical methods. On the other hand, experimental study of
HNof ferrite at austenite GBs has suggested that the total free energy in-
crease associated with the formation of a critical nucleus (will be
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referred as activation energy for nucleation hereafter) determined by
the experiment could be orders of magnitude smaller than that predict-
ed by the existingmodels [27]. These studies prompt the need to inves-
tigate how co-deformation of a nucleus and the hosting GB in respond to
their mutual interactions affect their equilibrium shapes and, more im-
portantly, the activation energy barrier for nucleation (ΔG∗) without
any a prior assumptions on their shapes. Here by deformation we refer
to simultaneous shape change of both nucleus and GB through atomic
diffusion rather than elastic or plastic deformation.

Since a critical nucleus is defined by the saddle point along themin-
imum energy path (MEP) on the total free energy surface in a high-
dimensional phase space (including all degrees of freedom, structural,
compositional and geometrical), interface forces and torques must be
balanced at junctions and everywhere else. Thus both the nucleus and
GB plane involved have to be able to relax their shapes simultaneously
and freely (i.e. co-deformable) in order to achieve equilibrium,which re-
quires a fully variational approach. In this study we formulate such an
approach using a combination of a multi-phase field model (MPFM)
[28] and a free-end nudged elastic band (FE-NEB) method [29,30]. The
former allows us to formulate the total free energy in the high-
dimensional phase space mentioned above, while the latter allows us
to search effectively the saddle point along the MEP on the free energy
surface. With the nucleus and GB being treated as a whole and forces
(including torque terms) being balanced naturally at junctions, and
without any a priori assumptions and constraints about the shape of
the critical nucleus and the corresponding geometry of the GB plane,
the approach allows us, for the first time, to remove all the simplifying
assumptions involved in previous graphical approaches mentioned ear-
lier. The calculation results show that a nucleus is highly deformable in
response to its interaction with the GB along the triple-junction (TJ)
line. Its shape deviates significantly from those derived using the geo-
metrical methods, and the same is true for the GB surface geometry
and the GB area removed by the nucleation event. As a consequence,
the activation energy barrier for nucleation can be reduced by orders
of magnitude relative to predictions by previous methods.

For a system with α= 1,…, N phases and i= 1,…,M components,
the total free energy functional is defined as the integral of interfacial
energy density fintf and bulk chemical free energy density fchem over a fi-
nite size [28]:

F ϕαf g; cαf gð Þ ¼
Z

dx f intf ϕαf gð Þ þ f chem ϕαf g; cαf gð Þ
n o

ð1Þ

where the phasefields, {ϕα}, define the local fractions of all phases pres-
ent, with their phase composition fields given by {cα}. The brackets de-
note the ensemble of all phases. {ϕα} follow an additional constraintPN

α¼1 ϕα ¼ 1according to its definition. The phase concentration vector
cα=(cαi= 1,…,cαM) is used to describe a genericmulti-component nature
of a specific phase.

According to the gradient thermodynamics [31], the interfacial free
energy density is defined by the gradients of the phase-fields and the
potential function [32]:
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where καβ andωαβ are related to interface energy γαβ andwidth Λαβ. To
capture interface energy anisotropy and thus the formation of low-
energy facet, both καβ and ωαβ are further multiplied by Γðn̂αβÞ, a func-
tion of the local interface inclination characterized by a unit vector n̂αβ

normal to the interface.
A necessary condition for a saddle point is given by a vanishing func-

tional variation of the grand potentialΩ, i.e., δΩ=0,whereΩ ≡ F− λC,
C= C[{ϕα},{cα}] stands for additional physical constraints on the phase
fields [28,32], and λ is the Lagrangemultipler. The saddle point in such a
high-dimensional space can be located by the NEBmethod [33] that has
been usedwidely for calculating reaction pathways of atomic-scale pro-
cesses in chemical reactions and phase transformations. (For more de-
tails, one can refer to the section Method in SM).

γαβ

GB GB

(a)

ψ
ψC A

B

D

γαβ

γββ

α

β1

β2

GB
θ

B

D

P

A

Q
ψ
ψC

z

P B

D

ψ2

ψ1

θ

D

O

γαβ2

γαβ
c

P
GB GB

γαβ1

B

Q

(b)

A

γαβ

γΤ :Torque
(d) Puckered/Deformable GB

(c) Non-Puckered/Planar GB

γαβ
c

GB Deformation

Fig. 1. Schematic illustration of various critical nucleus shapes at a grain boundary (GB). (a) A symmetrical double-spherical-cap α nucleus at a GB between β1 and β2 with an isotropic GB
energy γββ and interface energy γαβ= γαβ2

= γαβ1
. ψ is the equilibrium contact angle; (b) A graphical construction of the nucleus shape in the presence of a low-energy facet. O(O′) is the

center of the γ-plot for the α/β1(β2) interfacial energy with a radius of γαβ1
(γαβ2

). O and O′ is separated along the normal of the GB plane (GBP) with the distance of
γββ. A cusp orients at a distanceγαβ

c fromO′ and an angle θwith respect to theGBP. (c) The nucleus shape at a planar (non-puckered) GB. (d) The nucleus shape at a deformable (puckered)
GB that is a truncated double spherical cap by the plane PP0 in (b). The geometry of the GB adjacent to the nucleus is approximated by a catenoid that has a zero mean curvature. In (b) a
schematic for forces acting at the junction P is given, showing that a torque term, γT, is necessary for force balance (see Figs. S1–S2 in SM for more details).
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