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Abstract

District heating networks are commonly addressed in the literature as one of the most effective solutions for decreasing the 
greenhouse gas emissions from the building sector. These systems require high investments which are returned through the heat
sales. Due to the changed climate conditions and building renovation policies, heat demand in the future could decrease, 
prolonging the investment return period. 
The main scope of this paper is to assess the feasibility of using the heat demand – outdoor temperature function for heat demand 
forecast. The district of Alvalade, located in Lisbon (Portugal), was used as a case study. The district is consisted of 665 
buildings that vary in both construction period and typology. Three weather scenarios (low, medium, high) and three district 
renovation scenarios were developed (shallow, intermediate, deep). To estimate the error, obtained heat demand values were 
compared with results from a dynamic heat demand model, previously developed and validated by the authors.
The results showed that when only weather change is considered, the margin of error could be acceptable for some applications
(the error in annual demand was lower than 20% for all weather scenarios considered). However, after introducing renovation 
scenarios, the error value increased up to 59.5% (depending on the weather and renovation scenarios combination considered). 
The value of slope coefficient increased on average within the range of 3.8% up to 8% per decade, that corresponds to the 
decrease in the number of heating hours of 22-139h during the heating season (depending on the combination of weather and 
renovation scenarios considered). On the other hand, function intercept increased for 7.8-12.7% per decade (depending on the 
coupled scenarios). The values suggested could be used to modify the function parameters for the scenarios considered, and 
improve the accuracy of heat demand estimations.
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Abstract 

This paper presents the results of heat transfer process modelling for Photovoltaic/Thermal PV/T hybrid system in state-space. 
The heat transfer process in solid materials can be described by an integer-order partial differential equation. However, in 
Photovoltaic (PV/T) hybrid systems, which is characterized by heterogeneous media due to the multilayers that make up the 
system, it can be described by a fractional-order partial differential equation. The major objectives of this study were to establish 
a new mathematical model of the Photovoltaic/Thermal (PV/T) hybrid systems and their fractional-order observers in time 
domain. This model has been constructed in the context of a new consideration of heat conduction with a time fractional-order 
derivative. On the other hand, after obtained the general model of the system in state-space, the existence conditions of the 
fractional-order observer of such systems are given. Then, a necessary and sufficient condition for the asymptotic stability of the 
estimation error is given in a Linear Matrix Inequality (LMI) formulation. 
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where ,  is temperature at time instant t and coordinate ,  is the effusivity of the material,  is the fractional-
order derivative equals to 0.5. ,  is the heat flux at time  and length coordinate  defined by the following 
equation: 

,  = ,                                  (3) 

By applying the partial derivative to both sides of equation (2) with respect to , we achieve the following relation: 

, =   ,                    (4) 

Replacing (2) into (4), we obtain the following equation 

, =   ,                    (5) 

which describes the famous heat transfer equation. Therefore it is clear that equation (2) and (5) are mathematically 
equivalents. 

2.3. System description 

 Consider a hybrid PV/T panel system as a collection of layers arranged in a specific order [32]. Figure 1 describes 
in 2D scheme the principal components of a hybrid PV/T system. The first layer is considered as a glass cover 
which is followed by the PV cells, then an EVA layer which is an electrical insulate. Then a copper absorber is 
inserted in order to homogeneous the temperature issued for the PV cells. These cited components are followed 
directly by a heat exchanger which constituted by pipes or channels, its role is to dissipate the removed and 
excessive heat issued from the PV panel, the considered heat transfer fluid (HTF) in our case is the air. In the end, a 
thermal insulator is inserted in order to save the heat passed through the sink. 

Fig. 1: The main components of PV/T hybrid system. 

Let  ∈ 1,2, … ,  be the index of a layer in the panel, considering that the temperature of the (HTF) is uniform. 
Thus the temperature dynamics in the i-th layer can be described by the following equation: 

 .. =  − 	,			 = 0 =                  (6) 

where , ,  and  denote density, heat capacity, thickness of the layer and initial temperature condition at t=0 
of the i-th component. The overall thermal power exchanged in a node i can be expressed as follow: 
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1. Introduction 

Photovoltaic/Thermal hybrid solar system (PV/T) is a combination between photovoltaic (PV) and solar thermal 
components systems that would produce both electricity and heat from one integrated system. Recently, several 
methods are devoted to simplify the mathematical model of such systems. Also several theoretical and academic 
works are considered that the non-linearity in the thermal behaviour of solar panels [1,2]. Therefore, some numerical 
solutions are proved such as finite element method [3] and finite difference method [4] in order to perform 
simulation and improve system sizing. However, an adequate thermal modelling using fractional-order approach 
applied to buildings is proposed in [5]. In [6], the Authors had discussed more generally heat transfer in 
heterogeneous media using fractional calculus. 
 For past centuries, fractional calculus has been very interesting topic, but only for mathematicians, to make the 
subject well understandable for engineers or scientists point of view [7-9]. Only in the last decades, fractional 
calculus have been caught much attention, because it has been shown that non-integer models can be both 
theoretically challenging and pertinent for many fields of science and technology such as chemistry [10], biology 
[11,12], economics [13-15], psychology [16,17], mass diffusion, heat conduction, physical and engineering 
applications [18-20] etc. In certain systems, the measurements of all system states may not possible because the 
system output measurements do not provide complete information on the internal state of the system, not only 
purely technological, but also for financial reasons, the number of sensors is limited. For these reasons, observer 
design for estimating the state of a system has received considerable attention in the past [21-23]. This need for 
internal information may be motivated by several objectives such as identification, feedback control and system 
diagnosis [24-29]. 
In this work, the results of dynamics thermal modeling by fractional order differentiator are discussed aiming to 
provide the possibility to present the thermal dynamics of “hybrid PVT” system by fractional-order state space 
model. Therefore, by using the fractional-order observers, the temperature in all chosen nodes are estimated. 
The asymptotic stability of the estimations error following the fractional-order value = 0.5 is investigated, and 
formulated in Linear Matrix Inequality (LMI). Then, the observer gains are computed by solving the obtained LMI. 

2. Model description 

2.1. Preliminaries  

In this section, some useful definitions of the fractional-order derivatives are presented 

The fractional-order derivative definition introduced by Caputo for a function f(t) can be given as [30], [31] 

  =    d 	,				 − 1 <  <                                                                                              (1) 

where 	 ∈ 	ℕ∗  and 	 ∈ 	ℝ , while Γ.   is the Gamma function.   and   refer to upper and lower limits, 
respectively, of the Caputo derivative. 
The physical interpolation of the fractional derivatives and the solution of fractional differential equations are given 
in [30, 31]. Usually the Caputo definition is used since its Laplace transform allows the use of initial values of 
classical integer-order derivatives with clear physical interpretations. 

2.2. Fractional heat diffusion equation 

The fractional heat diffusion equation can be described by the following partial fractional differential equation 
[6]: 

,  =  ,                    (2) 

with the following boundary conditions 0,  = 0, , 0 = 
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