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a b s t r a c t

The exciton–phonon coupling between an optically driven quantum dot (QD) and a mechanical resonator
can be described by Jaynes–Cummings model under a certain condition, revealing phonon absorption
and emission. When two optically driven QDs share a common phonon mode, it shows the phonon-
mediated coupling between the QDs. Based on the effective master equation for the reduced density
matrix of the two QDs, the temporal evolution of each state and the concurrence (quantum entangle-
ment) between them are studied. The results suggest that the stationary concurrence depends strongly
on the resonator temperature. The non-negligible entanglement in the hybrid system is advantaged to
develop solid-state quantum information processing.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

Recently nanotechnology has allowed semiconductor quantum
dots (QDs) embedded into a nanomechanical resonator for fabri-
cating new hybrid systems [1–4]. The lowest-order flexural vibration
mode of nanomechanical resonator modifies the energy of the
electronic states of QD via the deformation potential coupling [2–5].
In QD-mechanical resonator hybrid system the strain-mediated
coupling between the exciton of QD and the phonon mode of na-
nomechanical resonator, the exciton–phonon coupling, has been
investigated both theoretically and experimentally [1–6]. Some
schemes for laser cooling of phonon mode to its ground state have
been presented [5,7–10], which are important for the potential ap-
plications of mechanical resonator in high precision detection of
mass [11] and mechanical displacement [12,13]. As the exciton of QD
is driven by a red-detuned laser, the cooling of phonon mode occurs
by absorption of both phonon and photon to produce exciton. In the
presence of a blue-detuned laser, however, the heating of phonon
mode corresponds to the phonon emission of QD. The phonon ab-
sorption and emission processes in optically driven QD can be stu-
died for achieving the phonon laser [14–16] and quantum in-
formation processing based on the exciton–phonon coupling [17,18].

Quantum entanglement between two spatially separated QDs
is one of the most intriguing phenomena, which has attracted the

increasing attention despite being challenging experimentally. In
principle, as two QDs interact with each other by means of energy
transfer, the entangled states between them can be generated.
There are various hybrid systems where quantum entanglement
appears. In cavity quantum electrodynamics system in which two
QDs are placed in a common cavity, the entangled states can be
generated via cavity photon transfer [19–21]. Surface plasmon field
in metal nanowire [22,23] or nanoparticle [24,25] is an ideal
quantum bus to entangle two QDs. Phonon mode of nanomecha-
nical resonator plays an important role on the generation of the
stationary entanglement between two cavity modes [26]. If two
spatially separated QDs driven by laser share a phonon mode of
nanomechanical resonator, they may interact with each other by
means of phonon transfer [27] (phonon absorption and emission
[28]), so that it is possible to create quantum entanglement. In this
paper, we firstly investigate the strain-mediated coupling between
a mechanical resonator and a QD driven by a laser, revealing the
phonon absorption and emission of the optically driven QD under
certain condition. In the weak coupling regime, two optically
driven QDs interact with each other by means of phonon transfer.
To reveal quantum entanglement between them, we demonstrate
the temporal evolution of concurrence.

2. Phonon absorption and emission of optically driven QD

We consider a hybrid system consisting of a semiconductor
quantum dot (QD) embedded in a nanomechanical resonator. At
low temperatures, QD can be modeled as a two-level system,
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which consists of the ground state g and the first excited state e .
Meanwhile, an external optical field with frequency ω is exploited
to drive the QD. The Hamiltonian can be described by ( = ) 1

σ σ= + ( + )∼ω Ω ωH e H c. .QD z
i t

2 2
ex , where ωex is the exciton frequency,

σ =∼ g e is the lowering operator, σ = −e e g gz , ω and Ω are
the frequency of the optical driving field and the Rabi frequency,
respectively. For the mechanical resonator, the lowest-energy re-
sonance corresponds to the fundamental flexural mode that will
constitute the resonator mode. The Hamiltonian of this mechanical
mode is given by ω= †H b bm m , where ωm is the vibrational fre-
quencies of the mechanical mode, ( )†b b represents the creation
(annihilation) operator of the mechanical mode. Furthermore,
since the flexion induces the extension and compression in the
structure, the longitudinal strain will modify the energy of the
electronic states of the QD via the deformation potential coupling.
Then the Hamiltonian of the mechanical resonator coupled to QD
is described by [2,3] σ= ( + )†H g b bint m z , where = ω∂

∂g xm x ZPF
ex re-

presents the hybrid vacuum coupling rate between them,
ω= ( )x m/ 2ZPF eff m is the zero-point fluctuation amplitude, The

parameter ω∂
∂x

ex is the exciton frequency shift per vibrational dis-
placement quantum, which can be estimated by optical mea-
surements of the exciton frequency of the QD and the vibrational
displacement of the mechanical resonator [2,3].

In the rotating frame at the external field frequency ω, the total
Hamiltonian can be written as

ω Δσ Ω σ σ= + + + ( + ) ( )
† †H b b g b b

2 2
, 1m z R x R m z R, , ,

where Δ ω ω= −ex , σ = −e e g gz R R R R R, , σ = +g e e gx R R R R R, .

gR comprises the ground state and the incoming laser photons. eR

comprises the excited state and laser field with one photon less
[28]. Two Pauli operators σz R, and σx R, can be transformed to two
new Pauli operators sz and sx and by means of a rotation matrix, i.e.,

σ
σ
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θ θ
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,
2
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,

,

where θ( ) = Δ
ω

cos
0
, θ( ) = Ω

ω
sin

0
, and ω Δ Ω= +0

2 2 is the effective

Rabi frequency. Here, we choose two superposition states
+ = ( ) + ( )θ θg esin cosR R2 2

, − = ( ) − ( )θ θg ecos sinR R2 2
(see

Fig. 1) as the basic of the QD' states, so that

σ = + + − − −z , σ = + − + − +x . The Hamilto-
nian can be rewritten as

ω
ω

σ σ σ= + + ( + )( + ) ( )
† †H b b G G b b

2
, 3m

z z x0
0

where θ θ= ( ) = − ( )G g G gcos , sinm m0 .

If | |⪡Δ
Ω

1, θ( ) ≃cos 0 and θ( ) ≃sin 1. Under the condition of
ω ω ω ω| + |⪢| − |m m0 0 , one can neglect the fast oscillate terms

+ − ω ω† ( + )b ei tm 0 and − + ω ω− ( + )be i tm 0 (the rotating-wave

approximation) so that the coupling between the excitons and the
phonons can be described by Jaynes–Cummings model
[10,13,29,30],

ω
ω

σ σ σ= + + ( + ) ( )
† † †H b b G b b

2
, 4m

z0

where σ = − + . The coupling between the excitons and the
phonons suggests the phonon absorption and emission of the
optically driven QD.

The couplings between the hybrid system and the environment
can be treated within the Born–Markov approximation for elim-
inating the bath phonon modes and the radiation field [5]. For the
QDs, the environment includes the LA phonons in the crystal lat-
tice of the QD, the other (lower-order) phonon modes in the me-
chanical resonator and various kinds of the radiation fields, to
induce the exciton dissipation from the first excited state to the
ground state whose rate can be obtained by observing the line-
width of the absorption spectrum of the QD. The bath phonon
modes can also cause the thermoelastic damping of the funda-
mental flexural mode via the phonon–phonon interaction. The
master equation of the hybrid system is given by

ρ ρ ζ ρ∂ = [ ] + ( ) ( )i H, , 5t

where the dissipative term ζ ρ κ σ ρ γ ρ( ) = [ ] + ( + ) [ ]∼D n D b1m th

γ ρ+ [ ]†n D bm th , σ σ σ σ= ( + − )∼ †z1
2

, κ and γm are the dissipative rates
of the exciton in the QD and the fundamental flexural mode in the
mechanical resonator, respectively, ρ ρ ρ[ ] = − ( + )† † †D o o o o o o o /2
denotes the Liouvillian in Lindblad form for operator o, and

= [ − ]ω ( ) −n e 1th
k T/ 1m B corresponds to the thermal phonon number

at the environmental temperature T, kB is the Boltzmann constant.

3. Phonon transfer of two driven QDs

Next, we consider two sufficiently separated QDs embedded in
an identical mechanical resonator in the presence of an external
field E , as shown in Fig. 2a. Each QD is coupled to the mechanical
resonator via the deformation potential coupling. The flexion of
the mechanical resonator causes the compression (Fig. 2b) and
extension (Fig. 2d) in the structure which are accompanied by the
changes of the exciton frequency. Since the distance between the
two QDs ∼ μL m is much larger than the size of the QDs so that it
is valid to ignore the dipole–dipole interaction between them
[31,32]. The Hamiltonian can be written as

∑ω
ω

σ σ σ= + + ( + )
( )

†

=

† †H b b G b b
2

,
6

T m
i

i
i
z

i i i
1,2

0,

where σ = − +i i i , ω i0, is the effective Rabi frequency of ith QD
in the presence of an external driving field. Gi represents the va-
cuum coupling strength between the mechanical resonator and ith
QD. The master equation of the total system is given by

ρ ρ ζ ρ∂ = [ ] + ( )i H,t T T , where the dissipative term
ζ ρ κ σ ρ γ ρ γ ρ( ) = ∑ [ ] + ( + ) [ ] + [ ]∼

=
†D n D b n D b1T i i i m th m th1,2 . To study the

phonon transfer between the two QDs we have to obtain the re-
duced density matrix of the two QDs. First, we take a time-in-
dependent unity transformation U on the density matrix ρ, where

Fig. 1. Energy levels of optically driven QD to absorb and emit phonons. gR and
eR denote the ground state and exciton state in the rotating frame, respectively.

+ = ( ) + ( )θ θg esin cosR R2 2
, − = ( ) − ( )θ θg ecos sinR R2 2

, θ( ) = Δ
ω

cos
0
,

θ( ) = Ω
ω

sin
0
, Ω represents the Rabi frequency, Δ denotes the exciton-field frequency

detuning and ω Δ Ω= +0
2 2 is the effective Rabi frequency.
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