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a b s t r a c t

In this work, we present a theoretical analytical model called the parabolic approximation analytical
model that considers the absorption coefficient and refractive index in a parabolic approximation profile
along the radial direction. By using this model the generation of a super-resolution spot is analyzed in
detail, and a numerical simulation subsequently conducted to verify the analytical model. This work is
helpful in understanding the super-resolution effect of nonlinear thin films.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Overcoming the Abbe diffraction limit and obtaining a super-
resolution spot have been hot topics because of the important
demands in the fields of nanolithography, ultrahigh density data
storage, and nanoscale-resolved optical imaging and detection.
Numerous methods and techniques have been proposed to over-
come the Abbe limit, including the use of a near-field probe [1],
surface plasmon effect [2–5], solid immersion lens [6], phase
modulation filter [7,8], metamaterial lens [9], microsphere based
microscopic-lens [10], and fluorescence labeling [11], among others.

One promising approach involves taking advantage of non-
linear absorption and refraction to break the diffraction limit and
form a super-resolution spot are good physical ideas. In recent
years, numerous physical models on nonlinear super-resolution
have been proposed by our research group and other researchers,
including the self-focusing effect-induced super-resolution [12–15],
internal multi-interference reshaping-induced super-resolution [16],
nonlinear saturation absorption-induced aperture-type super-
resolution [17–19], and nonlinear reverse saturation absorption or
multi-photon absorption-induced super-resolution energy absorption
spot and lithography [20,21]. Experimental applications in optical data
storage and nanolithography have been reported [22–27]. However,
the detailed physical process of super-resolution spot generation
remains unresolved.

When a Gaussian laser beam spot focused onto thin films with
nonlinear absorption and refraction, some physical effects need to
be considered. First, the absorption coefficient α and refractive
index n are functions of the laser intensity. Second, a positive
nonlinear refraction can cause a self-focusing spot, which is
smaller than the incident spot, whereas a negative nonlinear
refraction causes a self-defocusing spot, which is larger than the
incident spot. Third, a negative nonlinear absorption can induce
the formation of a below-diffraction limited aperture and generate
a super-resolution spot, whereas a positive nonlinear absorption
has an opposite effect. In the present study, a comprehensive
analytical model called the parabolic approximation analytical
model, is constructed by considering the absorption coefficient
and refractive index in a parabolic approximation profile along the
radial direction. The generation of super-resolution spot is ana-
lyzed in detail, and a numerical simulation is subsequently
conducted to verify the analytical model. This work is helpful in
understanding the super-resolution effect of nonlinear thin films.

2. Parabolic approximation analytical model

A collimated Gaussian beam is focused onto nonlinear thin
films (Fig. 1). The intensity profile of the focused spot can be
written as

IincðrÞ ¼ I0 exp �2r2

w2
0

 !
ð1Þ

where w0, r, and I0 are the spot radius, radial coordinate, and peak
intensity at r¼0, respectively. The focused spot is incident to the
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nonlinear thin films and causes nonlinear absorption and non-
linear refraction, and the nonlinear index to be a function of the
laser intensity.

Assuming that α and n remain unchanged at the direction of
the thin film thickness z, n and α can be expressed using Eq. (6) as
follows

α¼ α0þaII ¼ α0þaII0 exp �2r2

w2
0

 !
ð2Þ

n¼ n0þnII¼ n0þnII0 exp �2r2

w2
0

 !
ð3Þ

where α0 and αI are the linear and nonlinear absorption coeffi-
cients, respectively and n0 and nI are the linear refractive index
and nonlinear refraction coefficient, respectively.

To simplify the analysis, the exponential terms of Eqs. (2) and
(3) are calculated using the Taylor expansion to yield

exp �2r2

w2
0

 !
¼ b0þb1

r
w0

� �2
þ⋯ ð4Þ

where b0¼1, and b1¼�2. Thus, Eqs. (2) and (3) can be rewritten
as

α� αcð1þβr2Þ at jβj r2{1 ð5Þ
with

αc ¼ α0þaII0 ð6Þ

β¼ �2aII0
αcw2

0

ð7Þ

n� ncð1þγr2Þ at j γ j r2{1 ð8Þ
with

nc ¼ n0þnII0 ð9Þ

γ ¼ �2nII0
ncw2

0

ð10Þ

Eqs. (5) and (8) indicate that for nonlinear thin films, n and α
profiles along the radial coordinate r can be expressed in a para-
bolic approximation form. The parabolic approximation treatment
is suitable for lens-like and (reverse) saturated absorption media.
The complex refractive index can be written as

~n ¼ n� i α=2k
� � ð11Þ

where k¼ 2π=λ is the wavenumber. The focused spot travels in the
nonlinear thin films, and the electric field E follows the Helmholtz
function

ΔEþk2 ~n2E¼ 0 ð12Þ

Based on Eqs. (5), (8), and (11), ~n2 is expressed as

~n2 ¼ ncð1þγr2Þ� i ac=2k
� �ð1þβr2Þ� �2 ð13Þ

By mathematical operations and ignoring the terms (βr2)2 and
(γr2)2 because jγjr2{1 and jβjr2{1, Eq. (13) is further simplified
as

~n2 � nc� i ac=2k
� �� �2 1� �2γþ i 2acðβ�γÞ= 2knc� iacð Þ� �� �

r2
� 	

ð14Þ
Substituting Eq. (14) into Eq. (12) yields

ΔEþk2 ~n2
c ð1�Γ2r2ÞE¼ 0 ð15Þ

with

~nc ¼ nc� i ac=2k
� � ð16Þ

Γ2 ¼ �2γþ i 2acðβ�γÞ= 2knc� iacð Þ� � ð17Þ
where Γ is the propagation constant. Let E be in the form

Eðr; zÞ ¼ Aðr; zÞ exp ð� ik ~nczÞ ð18Þ
By substituting Eq. (18) into Eq. (15), in cylindrical coordinates
ðr;φ; zÞ one can get

∂2A
∂r2

þ1
r
∂A
∂r

þ 1
r2
∂2A
∂φ2þ

∂2A
∂z2

�2ik ~nc
∂A
∂z

�k2 ~n2
cΓ

2r2A¼ 0 ð19Þ

For rotational symmetries condition, the amplitude distribution
Aðr; zÞ is not dependent on φ, that is ∂2A=∂φ2 ¼ 0, thus Eq. (19) is
rewritten as

∂2A
∂r2

þ1
r
∂A
∂r

þ∂2A
∂z2

�2ik ~nc
∂A
∂z

�k2 ~n2
cΓ

2r2A¼ 0 ð20Þ

In the range of light wavelength of optical axis if the following
formulas meet

j ∂AðzÞ
∂z

j{jkAðzÞj ; j ∂
2AðzÞ
∂z2

j{jk∂AðzÞ
∂z

j ð21Þ

Then a slowly varying approximation can be used, Eq. (20) is
rewritten as [28]

∂2A
∂r2

þ1
r
∂A
∂r

�2ik ~nc
∂A
∂z

�k2 ~n2
cΓ

2r2A¼ 0 ð22Þ

The trial solution of Eq. (22) is set as follows

Aðr; zÞ ¼ A0

sðzÞ exp
� ik ~ncr2

2qðzÞ

� �
ð23Þ

By substituting Eq. (23) into Eq. (22) and in accordance with the
condition of an arbitrary r, the differential equations are obtained
as follows

dq
dz

¼ 1þΓ2q2 ð24Þ

1
s
ds
dz

¼ 1
q

ð25Þ

From Eq. (17), Γ is independent of the axial coordinate z, and
the boundary condition is

qðzÞj z ¼ 0 ¼ sðzÞj z ¼ 0 ¼ q1 ð26Þ
where z¼0 is the beam waist position of the incident Gaussian
light beam. Thus the solutions of Eqs. (24) and (25) are derived as
follows

qðzÞ ¼ q1 cos Γzþ 1
Γ sin Γz

�q1Γ sin Γzþ cos Γz
ð27Þ

sðzÞ ¼ 1
Γ

sin Γzþq1 cos Γz ð28Þ

Fig. 1. Schematic of super-resolution generation using nonlinear thin films.
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