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after a finite period of time and then reach the unstable equilibrium after an infinite time by a specific
mode. The global optimality of the solution constructed is proved.
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Problems of the local and global stabilization of an unstable equilibrium state of an inverted two-link pendulum, when its motion is
controlled by a bounded torque applied between the base and the lower link of the pendulum or to the hinge between the links, have been
considered in the case of fixed suspension point 2 and in the case of a pendulum on a fixed base.? The phase trajectories when there is
no control have been constructed for the system of a one-link pendulum on a wheel and the control that ensures the global stabilization
of the upper equilibrium position, and the time-optimal feedback control has been constructed.?

As before 3, the problem of controlling an inverted two-link pendulum on a moving base is considered below. The difference lies in
the fact that a torque applied to the a force acting on the moving base is taken as the control rather than lower link. Moreover, a control
is chosen that does not simply stabilize the pendulum in the upper equilibrium position but minimizes the mean square deviation of the
pendulum from this position.

1. Equations of motion

We will consider the problem of controlling a plane, two-link pendulum attached by a hinge to a trolley moving along a line (along the
x axis, Fig. 1). The links of the pendulum OD and DE are absolutely rigid rods and they are connected by a hinge at the point D. The friction
in the hinges is not taken into account. A horizontal control force [u| < 1 acts on the trolley.

Suppose «; is the angle of decline of a link from the vertical measured counterclockwise, the subscript i =1corresponds to the lower
link of length I and the subscript i=2 to the upper link, M is the mass of the trolley, m;, r; and I; are the mass of a link, the distance from
the lower end to the centre of mass of a link and the moment of inertia of the link with respect to its centre of mass, and s is the position
of the trolley on the X axis.

The kinetic energy of the system is the sum of the three components:

2
T=Ty+T,+Ty TO=%MU§, n:”"‘T”w%],.af

where Ty and T; are the kinetic energies of the trolley and of a link.
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Figure 1.

The expressions for the squares of the velocities of the trolley (the subscript 0) and the links (the subscripts 1 and 2) have the form

2 .2
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U] = § —280,r,co80, + 1O
22, 2.2 2.2 o~
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Similarly, the force function of the system has the form
U=U,+U,+U,; U,=0, U =-mgrcosa,;

where Uy and U; are the force functions of the trolley and of a link.
We therefore obtain

.2 .. .o .2
T=a,$ +a;,Sa,cosa; +a;;5a,Cco80, + a0,
. )
+ A,30,0,c08 (0L — QL) + 330,
U= -b,cosa,—-b,cosa, (1.1)
where

1
a, = E(M"'ml'*‘mz), ap = —miri—myl, a; = -mr,

a,, = %(mli‘?‘*'mzlz'*'[l), Ay = mylry, azy = %(m2r§+[2)

by = mgri+mygl, b, = mygr, (1.2)
We write the equations of motion of the pendulum with the control force u (henceforth i=1, 2 everywhere) as

a;§+ap,0coso + ag;6,cosa, — alzdcfsinocl - anécisinoc2 =u

@);415COSOL + a4 1 410 + Ay305_;c08 (0 — Q)

+ (=)' ayds_sin(o, — o) - bsina,; = 0 (13)
When u =0, the system of equations (1.3) has the trivial solution

s =85=0 (1.4)
a; = &;=0 (1.5)
corresponding to the unstable equilibrium position.
The problem of finding the feedback control that minimizes the mean square deviation of the pendulum from the upper unstable
equilibrium position is set:

0

f(af(f) +02(£))dt = min
0 (1.6)
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