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a b s t r a c t

This work presents a finite element analysis of the indentation size effect (ISE) experimentally observed
in tests performed at submicron scale. A 3D model of a conical rigid surface indenting on a Nb single
crystal at different depths has been developed. The bcc Nb material has been characterized within a
finite-strain framework through a crystal plasticity model incorporating strain-gradient hardening. The
hardness evolution for different material orientations and for different initial dislocation densities has
been studied. The numerical results are compared with predictions of existing analytical models and with
experimental results.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

From an experimental point of view, the indentation size effect
(ISE) is a well-known phenomenon that becomes apparent at
submicron scale with a decrease in the hardness measure as the
indentation depth increases. Numerous works have reported the
ISE experimentally, with different types of materials and arrange-
ments [1–6].

The analytical model of Nix and Gao [5] suggests a linear rela-
tionship between the square of the hardness and the inverse of
the penetration depth. Many studies have confirmed this linearity
above a certain depth; however, more detailed inspections at ex-
tremely low indentation depths show a deviation from this linear-
ity [7–10]. In this work, we try to cast some light on this problem.
The objective is to study the ISE from a numerical point of view
with the aid of a finite element (FE) model of an indentation exper-
iment. For this purpose, a 3D model consisting of a conical rigid
surface with a round tip indenting on a single crystal of Nb has
been constructed. The bcc material has been simulated by means
of a crystal plasticity model, implemented within a finite-strain
framework. Of capital importance, the size effect phenomenon
present in the experiments has been captured in the simulation
work incorporating a strain-gradient formulation in the
constitutive equations of the material model. The general-purpose

FE program ABAQUS has been used in this analysis, complemented
via FORTRAN user subroutines.

Among the pioneering analysis on strain-gradient plasticity, of
special relevance is the numerical work of Fleck and Hutchinson
[11,12]. Their plastic models capture the strain-gradient effects
using a set of the so-called ‘material lengths’ within a coupled-
stress general framework. These phenomenological length mea-
sures are necessary in their formulation to calculate an equivalent
local strain, acting as scaling factors of a close-related measure of
the strain-gradient value, obtained with the second derivatives of
the displacement field. A dependence of the material hardening
on other magnitudes apart from the strain is therefore established,
in contrast with the conventional plasticity theories.

As previously mentioned, the material model defined here also
considers a strain gradient measure, though a different approach is
used to estimate its influence in the material hardening equations.
The constitutive equations descend to the crystallographic slip nat-
ure of plastic deformation, and, under this crystallographic frame-
work, a local density of geometrically necessary dislocations (GND)
is defined. The GND concept appears in this model closely linked to
the strain gradient measure, as the works of Nye [13] and Fleck
et al. [14] show. In order to prove and explain the ISE effect with
this material model, a series of different indentation depths,
ranging from 0.01 lm to 66 lm, have been performed on the Nb
material model described.

The numerical results obtained have been compared with those
predicted by the analytical models of Nix and Gao [5] – calculated
for a perfectly sharp tip – and Alkorta et al. [6] – that improves the
previous one by adding a rounded tip to the conical indenter and
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by considering the dependence of dislocation strengthening on the
current dislocation density. Both models work with average statis-
tically stored dislocation (SSD) and GND densities estimated in a
semispherical volume underneath the indenter tip, establishing a
trend for the hardness value evolution with the indenter depth
and explaining the ISE. The numerical results of this paper have
also been confronted with experimental measurements obtained
on individual grains of polycrystalline Nb [6].

2. Model

The indentation process has been simulated by means of an FE
model, with a rigid conical surface – with an angle of 19.7� –
indenting on a semispherical volume of elasto-plastic material
(see Fig. 1). The radius of the indenter tip is 0.01 lm and its contact
with the Nb material has been defined as frictionless, using a stiff
exponential law in normal direction.

Three different crystallographic orientations have been studied
for the Nb material, i.e., h001i, h011i and h111i, using the h001i
orientation as the reference one. For this case, a portion of 45� of
the semispherical material volume has been modelled (as shown
in Fig. 1), considering all the symmetries present in the problem
– geometric, crystallographic and elastic.

In order to study the hardness evolution with the indentation
depth, eight different depth values have been considered, ranging
from 0.01 lm to 66 lm, as Table 1 summarizes. A detailed curve
of the hardness as a function of the indentation depth has been ob-
tained for all the cases, with a different average of the depth incre-
ments for each case within the incremental solution method
employed. Given the wide range of the analysed indentation
depths, an appropriate element size has to be set for each case.
For that reason, a unique mesh has been built, scaling its dimen-
sions with the corresponding indentation depth of each case. Thus,
eight different models have been studied, working that way with
an adequate mesh size for the depth of study in each model. Table 1
also collects the element size underneath the indenter for each
case.

Apart from the scaling of the mesh dimensions with the inden-
tation depth, all the other aspects of the simulation are the same
for the eight cases. The boundary conditions are illustrated in
Fig. 1, with symmetry conditions in both lateral planes of the vol-
ume, and the nodes of the spherical bound with null displacements
imposed. The mesh is constituted by 20,000 first-order eight-
noded isoparametric elements (C3D8 in ABAQUS nomenclature).

The driving force of the simulations is the displacement of the
indenter, imposed as a boundary condition. An exponential time
dependence of this displacement, h, has been defined,

h ¼ ke
_e0t � k ð1Þ

so as to obtain an almost constant strain rate ( _h=h � _e0 ¼ 0:12 s�1)
for all the simulations of the analysis from a certain time instant.
The constant k has been defined for each case in order to accomplish
with the specific indentation depth (k values are collected in Table 1).
The time of indentation chosen for all the simulations is 100 s.

The material constitutive model has been implemented at inte-
gration point level through a user subroutine (UMATEL in ABAQUS
nomenclature), complemented with other home-made subrou-
tines. A finite-strain analysis has been developed based on the
Green–Lagrange strain tensor, E, and its corresponding work con-
jugate stress tensor, i.e., the second Piola–Kirchhoff stress tensor,
T. The usual multiplicative decomposition of the deformation
gradient F into its elastic (plus possible rigid body motions) and
plastic parts, respectively, Fe and Fp, has been used,

F ¼ Fe � Fp: ð2Þ

In this formulation, the crystal kinematics assumes a virtual
intermediate configuration, between the reference initial position
of the solid and the deformed configuration, where only plastic
strain has taken place, with the orientation of the crystal lattice
remaining unchanged [15–17].

The relation of the Green–Lagrange strain, defined with the
elastic deformation gradient, with the Piola–Kirchhoff stress
through an elastic orthotropic fourth-order tensor P has been cho-
sen as the governing equation of the algorithm,

T ¼ P : Ee ð3Þ

with Ee = 1
2 (FeT Fe � I). The crystal plasticity theory defines the plas-

tic velocity gradient in the intermediate configuration, Lp, by means
of the plastic slip rates in each slip system a, _ca, as

Lp ¼
X

a

_cama � na ¼
X

a

_caSa ð4Þ

where na and ma are orthonormal unit vectors that define the slip
plane normal and the slip direction, respectively, of the slip system
a in the reference and intermediate configurations.

The plastic slip systems considered in the modelled bcc material
are those corresponding to the families {110}h111i and
{112}h111i (12 systems in each family), which are assumed to
evolve following a uniform hardening law, see below. Within the

Fig. 1. Boundary conditions of the indentation model. The radius of the semispherical volume in the models is large enough to prevent any border effect due to the
constrained boundary conditions imposed at the external semispherical bound.
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