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a b s t r a c t

A phase-field model for the computation of microstructure evolution for the bainite transformation has
been developed. The model has a classical phase-field foundation, incorporates the phenomenological
displacive transformation theory and the symmetric analysis of cubic crystals, and is able to reproduce
realistic grain morphology and crystal orientation after adequate calibration. Using the free energy
expression for the shape change of displacive transformations along with the free energy formula for
the chemical free energy change of the two phases derived from established regular solution models,
the current model is able to deal with autocatalysis.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

The phase-field (PF) method is used in the domain of materials
science for simulating microstructure evolution on the mesoscale.
The locations, sizes and shapes of the grains involved are repre-
sented by the PF variables. The evolution of the PF variables is then
governed by a set of partial differential equations. They have nearly
constant values within the grains but vary continuously over the
interfaces between them. This means that the interface has a width
and is not infinitesimally thin. Thus the method is said to have a
diffuse-interface description. Unlike sharp interface methods, the
diffuse-interface nature enables the computation of complex
microstructures without explicitly tracking the interfaces. The
method has been reviewed extensively, such as that in Refs. [1,2].

A PF model involves the formulation of a free energy functional
of the PF variables and their gradients. - A form of the free energy
functional includes the PF variable / as a means of distinguishing
coexisting phases along with the composition field C and temper-
ature T as [3]

G ¼
Z

V
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1
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� �
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where eC and e/ are the gradient energy coefficients and g0(/, C, T) is
the free energy density over the volume V. The governing equation
for / is derived from G in a thermodynamically consistent manner
adhering to the second law of thermodynamics. Eq. (1) can be cou-
pled with a thermodynamic database [4–7] and used for the simu-

lation of solidification [8], grain growth [9], solute drag [10] and
many other processes. The method has thus gained momentum in
microstructure formation and evolution. In solid state phase trans-
formations there have been PF models that consider displacive
transformations [11] and those that consider diffusive transforma-
tions [9,12].

Considered within the present work is a PF model able to utilise
both diffusive and displacive mechanisms in its treatment of
microstructure evolution. The microstructure focussed upon is bai-
nite. Bainite is a microstructure resulting from the decomposition
of austenite usually found to occur at a temperature between the
pearlite reaction and the martensite start temperature (Ms). Ini-
tially detected as a unique microstructure in the early 1900s
[13,14], interest in this multi-phase product of austenite grew once
its benefits were realised. Bainitic steels boast improved strength
without the expense of weldability and toughness and have appli-
cations in the railway, automotive industries and structural engi-
neering [15–19]. The time-consuming process of producing
bainitic steels prompted the desire to understand and formulate
models for the kinetics and formation of bainite.

Following the kinetic model of Bhadeshia [20] the supersatu-
rated ferrite sub-units form in austenite via a displacive mecha-
nism. The ferrite sub-units form martensitically without the
partitioning of alloying elements. Due to the higher temperatures
when compared to martensite, the partitioning of the interstitial
carbon from the supersaturated ferrite into the residual austenite
follows soon after. Upon carbide precipitation in the austenite,
the upper bainite microstructure forms. As the temperature is re-
duced, this diffusion process is slowed down which results in
carbon precipitation within the bainitic ferrite giving lower bainite
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[21]. The transformation strains are accommodated plastically
with the growth of the sub-unit limited by the dislocation debris
[20,22–24]. The repeated nucleation and growth of these supersat-
urated bainitic ferrite sub-units gives the overall sheaf structure.

There have been efforts to model Bainitic phase transformation
using a multiple order parameter phase-field model [25], in which
both displacive transformation and carbon diffusion are consid-
ered. However, their work considers the entire sheaf as a single
structure. This is opposed to the experimental fact that a sheaf
consists of many individual sub-units. In the present work, a single
order parameter phase-field model will be developed and the
sub-units in bainite will be considered.

2. The phase-field model and the transformation theory

The governing equation for the phase-field order parameter, /,
derived from Eq. (1) using the second law of thermodynamics is gi-
ven as [3,26]

@/
@t
¼ M/ e2r2/þ 1

2x
/ð1� /Þð1� 2/Þ � 30/2ð1� /Þ2ðgaB � gcÞ

� �

ð2Þ

where 0 < / < 1 is the interface between austenite and supersatu-
rated ferrite with / = 0 representing the austenite and / = 1 the
supersaturated ferrite. e is the gradient energy coefficient and the
coefficient x is related to the kinetic barrier. gaB and gc are the bulk
free energies of the supersaturated ferrite and austenite, respec-
tively. The parameters are related by the equations e2 ¼ 3kr=1:1
and x ¼ k=ð26:4rÞ [27], where r and k is the interface energy and
half-thickness of the interface, respectively. gaB–gc is the driving
force for microstructure evolution.

Bhadeshia expressed the strain energy of an ellipsoidal inclu-
sion for the example of a martensitic grain as [28]

gstrain
aBc ¼

a1

a2
l � m2 ¼ a1

a2
lðs2

x þ s2
y þ d2Þ ð3Þ

where m is the total deformation and is the sum of the shear strains
along the x direction sx and along the y direction sy, and the uniaxial
dilatation strain d. a1 and a2 are the dimensions of the ellipsoid and
l is the shear modulus. In the current phase-field model, the super-
saturated ferrite can be considered as an ellipsoidal inclusion. The
orientation of the interface is represented by the gradient of the
phase-field order parameter

n̂ ¼ r/
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ẑ
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Phase transformation takes place at the interface. For an interface
with surface area ds and migration rate ~mðtÞ, the volume of the
new phase formed in the transformation within time duration dt
is ds �~mðtÞ � n̂dt. The dimension of the newly formed phase along
the x direction is therefore represented as

ds � j~mðtÞj � dt
jr/j � @/

@x
/ @/
@x

ð5Þ

The growth of the new phase along different directions causes dif-
ferent amounts of strain. Therefore, one has sx / f1

@/
@x ; sy / f2

@/
@y and

d / f3
@/
@z . Eq. (3) is hence represented as
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where /xi
¼ @/=@xi is the rate of change of / in the xi direction. The

change of chemical free energy only depends on the amount of new
phase formed, and the free energy density difference between the
new and parent phases.

The driving force is then

gaBc ¼ gaB � gc ¼ ðgstrain
aB � gstrain

c Þ þ ðgchem
aB � gchem

c Þ

¼ ðf 2
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The chemical free energy density difference can be obtained from a
thermodynamic database and is usually isotropic [1,4], meaning
k1 = k2 = k3 = k in the following equation:

gchem
aBc ¼ k1/

2
;x þ k2/

2
;y þ k3/

2
;z ð8Þ

It should be pointed out that fi and ki are unspecified coefficients so
far and that the squares of the fi can been omitted since the square
of an unspecified constant remains an unspecified constant. Eq. (7)
is therefore reduced to

gaBc ¼ ðf1 þ k1Þ/2
;x þ ðf2 þ k2Þ/2

;y þ ðf3 þ k3Þ/2
;z ð9Þ

Given a transformation matrix from the growing crystal coordinate
system to the parent crystal coordinate system with elements rep-
resented by Hij, the final form of the driving force becomes for an
isotropic chemical free energy (k1 = k2 = k3 = k)

gaBc ¼
X3

i¼1

ðfi þ kÞðHi1/;x þ Hi2/;y þ Hi3/;zÞ
2 ð10Þ

The phase transition from the parent phase to the new phase re-
quires that gaBc < 0. The fi are specified as f1 = f2 and f3 = c1f1 accord-
ing to the experimental observation of the morphology of the new
phase. c1 is a shape factor in the anisotropic driving force and re-
lated to the equilibrium aspect ratio of the bainite sub-unit. In dis-
placive phase transformation, solute composition of the new phase
is the same as that for the matrix due to its diffusionless nature. The
volume change between the new phase and the parent phase is
incorporated in the strain and the transformation matrix Hij.

The width of the bainitic sub-units depend upon alloying ele-
ments. In particular, an increase in carbon concentration translates
to a decrease in the aspect ratio of the sub-units [29]. This means
that the shape factor c1 � c1(c) is a function of the carbon concen-
tration c. Due to the shape change we must have that
c1f1 þ k P f1 þ k 8 c1; k. Since k < 0 we immediately have that
c1 P 1 � c1 is a monotonic decreasing function of c. Also at the equi-
librium between bainitic ferrite and austenite (i.e. at T 00 and c�), we
have zero driving force for bainite growth giving c1(c�)f1 + k(c�) =
f1 + k(c�) = 0. Since k(c�) =�f1, we have that f1 + k(c�) = 0 holds. In or-
der for c1(c⁄)f1 + k(c⁄) = 0 to be true we must have c1(c�) = 1.

Given a function l(c) describing the aspect ratio of bainitic sub-
units, we can impose the requirement that at a carbon composition c

c1ðcÞf1 þ kðcÞ ¼ bðlðcÞÞðf1 þ kðcÞÞ ð11Þ

where b is a function relating the coefficient of the right hand side
of Eq. (11) to the resulting aspect ratio. To clarify Eq. (11), c1(c) is
the previously mentioned shape factor and l(c) is the experimen-
tally observed aspect ratio. However, observing Eq. (2) it is not obvi-
ous that the resulting aspect ratio of the bainite sub-units in the
models output has a simple relation to c1(c). In other words, a shape
factor of c1 does not necessarily result in an aspect ratio of c1. There-
fore, b is introduced to establish the connection between c1(c) and
the resulting aspect ratio. For instance Fig. 1 shows that the evolu-
tion of the resulting aspect ratio given an input coefficient of 0.05
(i.e. 0.05(f1 + k(c))) tends to a limit (approximately 0.125). This
would then mean that b(0.125) = 0.05.

Given reports that an aspect ratio of 0.025 is most frequently
observed with 0.008 being the minimum, we require that
l(c�) = 0.008 and at the initial average composition of
�c; ðl�cÞ ¼ 0:025. Then c1 can be calculated as

c1ðcÞ ¼
bðlðcÞÞðf1 þ kðcÞÞ � kðcÞ

f1
ð12Þ
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