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a b s t r a c t

In the present study, a meshless computational framework for simulating the large deformation behav-
iors of single-walled carbon nanotubes (SWCNTs) at finite non-zero temperatures is established based on
the so-called temperature-related higher order Cauchy-Born rule (THCB rule) where the second-order
deformation gradient is involved in the kinematic description of the deformation of SWCNTs. The
Helmholtz free energy is used as the thermodynamic potential and the local harmonic approximation
(LHA) is adopted to construct the nanoscale quasi-continuum constitutive model. The proposed numer-
ical approach is then applied to four numerical examples under different loading conditions. It is found
that the results obtained by the proposed numerical framework agree well with those from molecular
dynamics simulations.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

Nowadays, as a new allotrope of carbon, carbon nanotubes
(CNTs) have attracted extensive research interest due to their
exceptional properties. It is expected that, as a promising nanoma-
terial, CNTs will play an ever increasing important role in many
aspects of nano-engineering. In order to make good use of this
new material, it is imperative to have a thorough knowledge of
their mechanical behaviors under different working conditions.

Many continuum mechanics based models have been devel-
oped for predicting the mechanical properties of CNTs [1–6].
Among them, the quasi-continuum model [7–11] based on inter-
atomic potentials has received a lot of research attentions and
proves to be very efficient and reliable. With use of the standard
Cauchy-Born rule, Zhang et al. [12] proposed a nanoscale contin-
uum constitutive model based on the Tersoff–Brenner interatomic
potential to investigate the mechanical properties of single-walled
carbon nanotubes (SWCNTs). With use of the same constitutive
model, the authors also studied the fracture nucleation phenomena
in CNTs. Arroyo and Belytschko [13,14] first pointed out that
SWCNT is in fact a curved crystalline film with only one atom
thickness. Therefore the classical Cauchy-Born rule should be mod-
ified to take this critical issue into consideration. Starting from this
point of view, they proposed the so-called exponential map in

order for giving a more accurate description of the kinematic rela-
tionship for the finite deformations of CNTs. Guo et al. [15,16]
developed a nanoscale quasi-continuum theory for analyzing the
mechanical properties of SWCNTs based on the so-called higher
order Cauchy-Born rule (HCB rule). With use of the HCB-based con-
stitutive model, the curvature effect of SWCNTs can be accounted
for in a convenient way with less computational efforts. The effec-
tiveness of this HCB-based constitutive model has also been
demonstrated in [17,18], where a corresponding meshless compu-
tational framework was established and four numerical examples
of finite deformation of SWCNTs are examined. However, it is
worth noting that all of the above quasi-continuum models for
CNTs are established without considering the thermal effect.

It is well-known that in practical nano-engineering applications,
CNTs and CNTs based nanoscale devices often work in thermal envi-
ronments. Therefore, it is very imperative to establish quasi-
continuum model for predicting the thermo-mechanical properties
of CNTs at finite temperatures. However, only few research works
on this aspect can be found in the literature. Jiang et al. [19,20]
developed a finite-temperature quasi-continuum constitutive mod-
el for predicting the thermo-mechanical properties of SWCNTs by
utilizing the Helmholtz free energy as thermodynamics potential
and adopting the quasi harmonic and local harmonic approxima-
tions. Guo et al. [21] proposed a nanoscale quasi-continuum consti-
tutive model to study the thermo-mechanical properties of
graphene sheet and SWCNTs based on the so-called temperature-
related higher order Cauchy-Born rule (THCB rule). Analysis results
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reveal that the thermal effect of SWCNTs at finite temperature can
be captured reasonably with this constitutive model.

Encouraged by the results obtained in [21], in the present study
we intend to establish a meshless computational framework for
simulating the large deformation behaviors of SWCNTs at finite
temperatures based on the quasi-continuum constitutive model
proposed in [21]. The plan of the paper is as follows. Tersoff–
Brenner interatomic potential used in the present study is briefly
described in Section 2. Section 3 introduces the so-called THCB rule
which is one of the cornerstones of the proposed quasi-continuum
constitutive model. In Section 4, the form of the Helmholtz free
energy and the transformation mappings between different config-
urations of SWCNTs, the other two key ingredients of the proposed
constitutive model, are described in details. Based on the above
preparations, a temperature-related quasi-continuum model for
SWCNTs under finite temperature is established in Section 5. Sec-
tion 6 is devoted to the discussion of the meshless computational
framework for finite deformation analysis of SWCNTs. Based on
the developed numerical scheme, several numerical examples are
investigated in Section 7. Finally, some concluding remarks are
given in Section 8.

2. Tersoff–Brenner interatomic potential for carbon

The multi-body interatomic potential which was proposed by
Tersoff [22] and Brenner [23] is widely used for the description
of the interactions between carbon atoms in nanostructures. It
has the following form

VðrIJÞ ¼ VRðrIJÞ � BIJVAðrIJÞ; ð1Þ
where rIJ denotes the distance between atoms I and J. VR and VA rep-
resent the repulsive and attractive pair terms, respectively. �BIJ rep-
resents the effect of multi-body coupling between bond I � J and
other adjacent bonds emanating from atom I. In Eq. (1),
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and fc is a smooth switch function to limit the range of the potential,
whose form is usually taken as:
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The parameters D(e), S, b, R(e), d, a0, c0, d0, R(1) and R(2) can be
determined through fitting the binding energy and lattice con-
stants of carbon allotropes [23]. In the present paper, these param-
eters are taken as

DðeÞ ¼ 6:0000 eV; S ¼ 1:22; b ¼ 21 nm�1;

RðeÞ ¼ 0:1390 nm; d ¼ 0:50000; a0 ¼ 0:00020813;

c0 ¼ 330; d0 ¼ 3:5; Rð1Þ ¼ 0:17 nm; Rð2Þ ¼ 0:20 nm:

3. Temperature-related higher order Cauchy-Born rule

3.1. Higher order Cauchy-Born rule for CNTs at absolute zero
temperature

The classical Cauchy-Born rule (C-B rule) is often applied to
establish the constitutive model of bulk crystalline materials at
absolute zero temperature by describing the deformation of indi-
vidual lattice vectors in the crystal from a continuum deformation
field. According to its definition, the classical C-B rule can be
expressed as follows (see Fig. 1 for an illustration):

r ¼ F � R; ð8Þ

where R is an undeformed lattice vector in the reference configura-
tion and r is the corresponding lattice vector in the current
deformed configuration. F represents the two-point deformation
gradient tensor which can be derived from the prescribed contin-
uum deformation field.

It is well-known that SWCNT is a curved crystalline membrane
with only one atom thickness and the bonds between carbon
atoms are in fact the chords of the curved surface [13,14]. The
deformation gradient tensor F in the classical C-B rule, however,
could only describe the change of an infinitesimal segment in the
tangent space of a curved manifold. Therefore, the standard C-B
rule cannot be applied to establish the quasi-continuum constitu-
tive model of CNTs directly [13]. Several attempts have been made
to resolve this difficulty [13,15,24]. One of them is the so-called
higher order Cauchy-Born rule (HCB rule) proposed by Guo et al.
[15], which is a generalization of the classical C-B rule by taking
the curvature effect of the crystalline membrane into consider-
ation. In HCB rule, the deformed lattice vector is expressed approx-
imately as

r ¼ xðX þ RÞ � xðXÞ ffi F � Rþ 1
2

G : ðR� RÞ; ð9Þ

where X and x are the material coordinate of a point in the unde-
formed configuration and its image in the current configuration,
respectively. R and r represent the lattice vectors before and after
deformation, respectively. In Eq. (9) G =rF is the second-order
deformation gradient tensor. Furthermore, since the lattice struc-
ture of SWCNT is not centro-symmetric, an inner relaxation param-
eter n should also be introduced between two simple Bravais
lattices to ensure the internal equilibrium of the deformed SWCNTs
[7,12]. Under this circumstance, the corresponding HCB rule takes
the following form (see Fig. 2 for reference):

r ¼ F � ðRþ nÞ þ 1
2

G : ðRþ nÞ � ðRþ nÞ½ �: ð10Þ

Based on this improved HCB rule, quasi-continuum constitutive
model can be established to analyze the finite deformation behav-
ior of SWCNTs at absolute zero temperature. Successful applica-
tions of the HCB rule can be found in [17,18].

3.2. Temperature-related higher order Cauchy-Born rule for CNTs

In order to establish the temperature-related quasi-continuum
constitutive model for predicting the thermo-mechanical proper-
ties of CNTs, a temperature-related higher order Cauchy-Born rule
(THCB rule) is proposed in [21] with the assumptions that (1) the
vibration centers of the carbon atoms will locate on a virtual smooth
surface at the prescribed non-zero temperature, and (2) the HCB
rule can also be applied to describe the deformation of the virtual
lattice structure composed by the vibration centers of the vibrating
atoms (see Fig. 3 for reference). In the THCB rule, the following
kinematic relationship is adopted:
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