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Dicke-Josephson effect in a cross-typed triple-quantum-dot junction
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a b s t r a c t

We investigate the Dicke-Josephson effect in a superconductor/triple-quantum-dot/superconductor
junction in which the central dot is coupled to the superconductors. It is found that the Dicke effect can
modulate the Josephson effect in a nontrivial way. In the noninteracting case, the Dicke effect induces a
subpeak in the supercurrent spectrum around the energy zero point. When intradot interactions are
taken into account, the role of the Dicke effect changes completely. Namely, it tends to suppress the π-
phase current near the position of electron-hole symmetry. With the increase of the Coulomb strength, it
has an opportunity to reverse the current direction. We thus conclude that the Dicke-Josephson effect is
also an important part in describing the Josephson effect in coupled-dot junctions.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The Dicke effect, one concept from the quantum optics, de-
scribes the presence of a strong and narrow spontaneous emission
line in addition to much broader lines of a collection of atoms,
which are separated by a distance smaller than the wavelength of
the emitted light [1,2]. Following the development of low-di-
mensional physics, the Dicke effect in the mesoscopic system has
attracted much attention. It has first been predicted in two-
channel resonant tunneling [3], since then the analogies to the
Dicke effect have been found in some other systems [4–10]. In a
coupled double-quantum-dot system under a magnetic field, the
Dicke effect can be controlled by the magnetic flux [5]. The
properties of transmission spectrum and the local density of states
in a quantum dot (QD) side-coupled to a quantumwire can also be
attributed to the Dicke effect [6,7]. More recently, the Dicke effect
has been predicted in a QD coupled to two side QDs in the Cou-
lomb blockade regime [11] and Kondo regime [12,13], in which the
effective coupling between localized levels and a conduction
channel gives rise to effectively fast supertunneling and slow
subtunneling modes. Since the local density of state can exhibits
almost a δ-like shape for appropriate parameters due to the Dicke
effect, one expects a significant enhancement of the thermal effi-
ciency [14].

Alternative important transport through mesoscopic systems is
the well-known Josephson effect, in the case of superconductors
coupling to the central device [15,16]. It has been reported that in
such Josephson junctions, interesting competition between two

many-body correlations, i.e., the electron correlation effect in the
QD and the Copper-pair correlation, has been observed [17]. For
instance, the Coulomb repulsion in a QD enables the electrons in a
Cooper pair to tunnel one by one via virtual processes in which the
spin ordering of the pair is reversed, leading to the π-junction
behavior. If the Kondo temperature far exceeds the super-
conducting gap, the induced Kondo resonance level will restore
the 0-junction state of the supercurrent. Accordingly, one can
drive a phase transition between spin singlet (0 junction) and
doublet (π junction) states by controlling the competition between
correlations [18,19]. Compared with a single-QD Josephson junc-
tion, the Josephson phase transitions present new and interesting
properties in the junctions with QD molecules [20–23]. When a
double-QD molecule is embedded in the Josephson junction, the
current phase can be varied by the adjustment of the interdot
coupling [21,22]. Furthermore, the complication of QD-molecule
geometry induces the quantum-interference effects which in-
evitably adjust the phase transition behaviors. For instance, in a
T-shaped double-QD structure, a novel π−0 transition behavior
can be observed in the half-filled case, which does not occur in the
serially-coupled double-QD system [24]. In the Fano-Josephson
junction, an intermediate bistable phase is found to appear in the

π−0 phase-transition process, with the suppression of the Jo-
sephson current [25,26].

Since the quantum interference is an important factor to adjust
the Josephson effect, it can be anticipated that the Dicke effect can
modify the Josphson effect in a nontrivial way. With this idea, we
investigate the Josephson effect in a superconductor/triple-quan-
tum-dot/superconductor (S/TQD/S) junction in which the central
QD is coupled to the superconductors. It is found that in the
noninteracting case, the Dicke effect induces a subpeak in the
supercurrent spectrum around the energy zero point. When
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intradot interactions are taken into account, it suppresses the π-
phase current near the position of electron-hole symmetry.
Moreover, it can reverse the current direction with the further
increase of Coulomb strength. Thus, it is certain that the Dicke
effect can be an important factor to modify the Josephson effect in
coupled-QD junctions.

2. Theory

The Hamiltonian of the S/TQD/S structure is given by
= ∑ + +α αH H H HD T where
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α( = )αH L R, is the standard BCS mean-field Hamiltonian for the
superconductors with phase φα and energy gap Δ. HD models the
TQD, and HT denotes the tunneling between superconductor- ( )L R
and QD-1. α σ

†a k and σ
†dj ( α σa k and σdj ) are operators to create (an-

nihilate) an electronwith momentum k and spin σ in lead-α and in
QD- j, respectively. εαk and εj denote the corresponding energy
levels. Uj indicates the strength of intradot Coulomb repulsion, and
tj is the interdot coupling coefficient. αV k denotes the coupling
between lead-α and QD-1.

In such a structure, the Josephson current at zero temperature
can be evaluated by deriving the ground-state (GS) energy EGS
with respect to the superconducting phase difference, i.e.,

φ
φ
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where φ φ φ= −L R. However, due to the presence of continuum
state in this system, the determination of the ground state is a
formidable challenge. It is thus necessary to introduce some ap-
proximation scheme, in which a great simplification should be
included by integrating out the electronic degrees of freedom of
the superconductors. It is known that one feasible approach,
usually referred to as the zero bandwidth model (ZBWM), has
been discussed in some previous studies. [27] This approach leads
to an effective low energy theory in which each superconductor is
replaced by a single site with an effective pairing potential Δ̃. Also,
the hopping term α̃V is replaced by an effective parameter α̃V . Ac-
cordingly, the new expressions of αH and HT are given by
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It has been reported that the ZBWM can give qualitatively correct
results and can grasp the ground state properties in this kind of
systems in the approximate range Γ Δ≤ , where Γ is the standard
tunneling rate to the leads [24].

It can be readily found that for our considered structure, the
Hilbert space of the new system within the ZBWM is restricted to
45 states and the z component of the total spin S is a good
quantum number. Thus, the eigenstates can be characterized in
terms of Sz and the eigenenergies can be obtained by the block
diagonalization of the Hamiltonian matrix. In addition, as for the
Josephson current, it is characterized by its phase. To be concrete,
if the GS energy as a function of φ has a global minimum at the
point φ = 0 (φ π= ), the current will be located as its π( )0 phase.
For the π′( ′)0 phase, it describes the case where one local mini-
mum emerges at the point φ π φ= ( = )0 in the EGS spectrum, in
addition to the global minimum at point φ φ π= ( = )0 [28,29].

3. Numerical results and discussions

With the help of the theory developed above, we next calculate
the Josephson current in the S/TQD/S structure. With respect to
the structural parameters, we take them to be the following va-
lues: Δ̃ = ˜ =αV 1.0 and = =t t 2.0j 0 . Additionally, in order to clarify
the influence of the Dicke effect on the Josephson-current prop-
erty, we choose the QD levels to be ε ε ε ε δ= = +,1 0 2 0 , and
ε ε δ= −3 0 (Fig. 1).

Firstly, we would like to investigate the influence of the Dicke
effect on the Josephson current in the noninteracting case. The nu-
merical results are shown in Fig. 2. As a typical case, the Josephson
phase difference is taken to be φ = π

2
. In this figure, one can find that

in the case of δ = 0, two wide current peaks appear in the super-
current spectra, and that their positions are near the points of
ε ≈ ± 2 20 , respectively. The reason for this result can be explained
as follows. The dc Josephson current, driven by the Josephson phase
difference, is related to the eigenlevels of the QD molecule. For a
noninteracting QD molecule with ε ε=j 0 and =t tj 0, its eigenlevels

are ε ε= − =E t E2 ,1 0 0 2 0, and ε= +E t23 0 0, with the corre-
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. Since the central QD couples to the super-

conductors, the first and third molecule states contribute to the Jo-
sephson current, leading to the appearance of two peaks in the su-
percurrent spectra.

When a nonzero δ is taken into account to destroy the level
symmetry among the QDs, one subpeak begins to appear around
the energy zero point in the supercurrent spectrum, as shown in
Fig. 2. Besides, its magnitude is continually enhanced with the
increase of δ . As typical cases, in the case of δ = 0.5, the subpeak
value is about equal to 0.12, and its value increases to 0.12 when
δ = 1.0. Surely, the appearance of such a subpeak originates from
the Dicke effect, analogous to the conductance result in the case of
normal metallic leads. Its reason be attributed to the change of the
transmission paths because of the molecular eigenlevel shift by
the presence of δ . Via a simple calculation, we can find that in the

presence of δ , the eigenlevels are: ε δ ε= − + =E t E2 ,1 0
2

0
2

2 0, and

ε δ= + +E t23 0
2
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. It clearly

shows that a nonzero δ causes ψ22 to not be equal to zero. This
exactly introduces a new paths for the Cooper-pair tunneling and
then leads to the appearance of one subpeak around the energy
point (related to E2) in the supercurrent spectrum. For simplicity,
we call this phenomenon the Dicke-Josephson effect. However, it
can be found that different from the electron-transmission result,
the Dicke effect only induces a subpeak around the energy zero

Fig. 1. Schematic of a S/TQD/S structure. QD-1 is connected to two s-wave super-
conductors and QD-2(3) is side coupled to QD-1.
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