
Mechanics Research Communications 71 (2016) 1–6

Contents lists available at ScienceDirect

Mechanics  Research  Communications

journa l h om epa ge: www.elsev ier .com/ locate /mechrescom

Vibration  analysis  of  corrugated  beams:  The  effects  of  temperature
and  corrugation  shape

G.  Robina,b,∗, M.  Jrada,b,  N.  Mathieua,b,  A.  Daouadji a,b, E.M.  Dayaa,b,c

a Université de Lorraine, LEM3, UMR  CNRS 7239, Ile du Saulcy, F-57045 METZ Cedex 1, France
b GI2 M CNRS FR3574, Ile du Saulcy, F-57045 METZ Cedex 1, France
c Labex DAMAS, Ile du Saulcy, F-57045 METZ Cedex 1, France

a  r  t  i  c  l  e  i  n  f  o

Article history:
Received 19 June 2015
Received in revised form
11 November 2015
Accepted 18 November 2015
Available online 8 December 2015

Keywords:
Harmonic balance
Homogenization
Corrugated shape
Large amplitude vibration

a  b  s  t  r  a  c  t

This  paper deals  with  the  vibration  analysis  of corrugated  beams  under  large  amplitude  displacements
and  temperature  variations.  The  dynamic  response  depends  on  the shape,  the  period  and  the  amplitude
of  the  corrugations  as  well  as  on the  temperature  variations.  These  different  parameters  were  taken  into
account  using  a homogenization  process.  We  coupled  the  harmonic  balance  method  and  the  Galerkin
technique  to  derive  a frequency  amplitude  equation,  which  includes  the  corrugation  shape  and  temper-
ature.  Finally,  the  influence  of  different  shapes  of  corrugation  (sinusoidal,  triangular  and  square)  on  the
nonlinear  vibration  response  of  a corrugated  beam  was  compared  to results  obtained  for  a  planar  beam.

© 2015  Elsevier  Ltd. All  rights  reserved.

1. Introduction

Vibration analysis is an important issue in many areas of struc-
tural engineering such as automotive, aeronautics and fabrication
industries. The amplitude of vibrations becomes large around nat-
ural frequency. For thin structures, this is due to geometrical
nonlinearities, which provide nonlinear differential equations in
space and time. Studying such vibrations is important as it can dam-
age structures through jump phenomena or instability. Moreover,
large amplitude vibrations can produce noise.

Different methods have been proposed to account for nonlinear
vibrations in particular for planar shape. Many authors have written
about the impact of large amplitude vibrations on elastic planar
beams or plates by giving analytical solutions such as Pirbadaghi
et al. [1]; Azrar et al. [2]; Hoseini et al. [3], Benamar et al. [4], or by
using numerical techniques (Shi and Mei  [5]).

In the context of energy saving, the minimization of weight
is becoming of major importance in the automotive industries.
Therefore, corrugated structures have been used for weight reduc-
tion and optimal rigidity purposes. Corrugated beams have been
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investigated mainly under static conditions. In this case, Potier-
Ferry et al. [6], Mouftakir [7] and Cartraud and Messager [8]
derived equivalent tension–compression and bending stiffness
moduli taking corrugation geometry into account. In their work,
the homogenization process was carried out for zigzag and sinus
beams.

Temperature can also considerably affect a structure’s vibration
response. The thermal effect on nonlinear vibrations of rectangular
plates with clamped edges was  introduced by Amabili [9]. Liew
et al. [10] studied the impact of the buckling of corrugated plates
using a mesh-free Galerkin method.

However, the effects of corrugation shape and temperature on
the nonlinear vibration analysis have not been investigated yet. In
this paper, we  propose an analytical approach for the nonlinear
analysis of corrugated beams, which includes both tempera-
ture variations, and different corrugation’s shapes. The nonlinear
behaviors of corrugated beams are investigated around the first
resonance frequency.

2. Theoretical framework

In this study, the isotropic 2D beams are considered with uni-
form thickness and periodic wave corrugations. The beams are
uniformly corrugated in the direction of the projected length L.
These corrugated beams are designed as planar beams with uni-
form thickness. The homogenized moduli (tension–compression
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Fig. 1. Shape of the sinusoidal corrugated beam.

and bending stiffness moduli) and the equivalent linear density are
respectively denoted (EI, ES) and (�S).

Based on the Euler–Bernoulli’s beam model, these equivalent
constants of the corrugated beam are obtained using the geomet-
rical homogenization technique. In this paper, only the transverse
inertia effect is accounted and the longitudinal and rotatory iner-
tia effects are neglected because, only the flexural harmonic forces
are considered. The resolution of the nonlinear model equations
is achieved using the harmonic balance method and the Galerkin
technique. Thus, a nonlinear differential equation is derived pro-
viding the response curves of the nonlinear vibrations taking into
account both shape and thermal effect.

2.1. Homogenization methods

Using a geometrical homogenization approach, Potier-Ferry
et al. [6] defined the equivalent traction compression stiffness mod-
ulus and the bending stiffness modulus by taking the geometry
into account (Fig. 1). Thus, the uniform flat corrugated beam can
be defined by its mid-line of length L. The mid  surface of the cor-
rugated beam is a plane curve characterized by an arc curvilinear
abscissa ı and a �-period along x-axis. � is assumed to be “small”
with respect to L.

According to the classical Euler–Bernoulli’s beam theory and
the macroscopic model, the equivalent traction stiffness and the
bending stiffness modulus are given by:(

1
ES

)
= cos2 ˇ

ES cos ˇ
+ z2

EI cos ˇ
and EI = EI cos ˇ

where the average operator is given by: 〈.〉= 1
�

�∫
0

(.) ds

This formulation can be used for any form of beam corrugation.
Thus, three shapes are studied: sinusoidal, triangular and square
corrugation. For the different geometrical shapes, the equivalent
length (ld) of a period of corrugation and the corresponding stiffness
are given in Table 1.

In order to compare accurately the results from these different
corrugated beams, the mass of the samples is assumed to be equal

(in return, thickness are different). The equivalent linear density is
then given by:

�S = �Sld
�

(2)

2.2. Motion equations

In this study, the dynamic problem is considered using a 2D
semi-analytical approach. The equation of motion for any conser-
vative system with n degrees of freedom qi (i = 1, . . .,  n) can be
expressed using Lagrange’s equation:

d

dt

(
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)
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∂qi
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∂qi

= ∂W

∂qi

(3)

where C is the kinetic energy, U is the elastic strain energy and W
is the work of generalized forces.

Considering the linear elasticity, Hooke’s law describes the
relation between stress and strain, taking into account thermal
expansion. For a uniform beam, these formulations are in given in
the following in the case of the large deflections. The axial resultant
force and the bending are respectively denoted by (Nx) and (Mz)
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where u is the longitudinal displacement, v is the transversal dis-
placement,  ̨ is the coefficient of thermal expansion and �T  is the
thermal variation of the mid  surface of the beam. In this study, the
geometrical effects are considered using the Von Karman’s theory,
which assumes moderate rotations and small axial displacements,

thus the term
(
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)2
can be neglected.
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Table 1
Equivalent length on corrugation one duration and the corresponding stiffness for the geometrical shapes considered.

Shape Sinusoidal Triangular Square
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