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a  b  s  t  r  a  c  t

A  Yoffe  crack/cohesive  zone  model  is  presented  to investigate  steady  state  crack  propagation  in  an  infinite
medium.  In  the  current  model,  the  rear  crack  tip closes  and  a  cohesive  zone  exists  only  at  the  front  crack
tip  during  crack  propagation,  which  eliminates  the  dilemma  in the  standard  Yoffe  crack/Dugdale  zone
model  that  the  crack  length  remains  constant  but  the  rear crack  tip opens  up.  The  cohesive  zone  length
and  the  crack  tip opening  displacement  (CTOD,  the  opening  at the  physical  crack  tip)  are  determined
in closed  forms  using  a Fourier  transform/integral  equation  approach.  It is  found  that  the  cohesive  zone
length  and CTOD  differ  significantly  from  those  in  the  standard  Yoffe  crack/Dugdale  model  in  which  two
cohesive  zones  exist  at both crack  tips during  crack  propagation.

©  2015  Elsevier  Ltd.  All  rights  reserved.

1. Introduction

Cohesive zone models have widely been used to simulate crack
extension in materials and structures (see, for example, [1–8]).
In a cohesive zone model, a cohesive zone consisting of upper
and lower cohesive surfaces is assumed to exist ahead of a crack
tip. The cohesive zone behavior is governed by a cohesive law in
which the cohesive traction is related to the separation displace-
ment between the cohesive surfaces. Crack extension takes place
when the separation at the tail of the cohesive zone reaches a crit-
ical value. Clearly, the cohesive zone modeling approach does not
involve crack tip stress singularities in classical fracture mechanics,
and material failure is controlled by quantities such as displace-
ments and stresses, which are consistent with the usual strength
of materials failure theories.

Cohesive zone models have been employed to investigate crack
propagation under dynamic loading conditions. For example, Xu
and Needleman [9] simulated dynamic crack growth in brittle
solids. Camacho and Ortiz [10] investigated impact damage in
brittle materials. Falk et al. [11] examined the effect of cohe-
sive law on crack branching in elastic bodies. Zhang and Paulino
[12] studied dynamic fracture in functionally graded materials.
Elmukashfi and Kroon [13] simulated crack propagation in rub-
ber. Bizzarri [14] computed energy flux at a 3D rupture front
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propagating with variable speed. Valoroso et al. [15] presented a
cohesive zone model with rate-sensitivity for dynamic crack prop-
agation. An important issue in cohesive zone modeling of dynamic
crack propagation is verification of the numerical models. Gener-
ally speaking, a closed-form analytical solution provides a simple
benchmark for verification purposes. However, closed-form solu-
tions are generally not available for dynamic crack propagation
problems involving a cohesive zone.

Dugdale model [16] is probably the most simple cohesive zone
model for which a closed form solution may  be obtained. In the
Dugdale model, the cohesive traction is a constant and crack prop-
agation is determined by the crack opening displacement at the
physical crack tip. The length of the Dugdale cohesive zone is deter-
mined by the condition that the stress singularity at the tip of the
Dugdale zone is eliminated. Rice and Simons [17] proposed a Dug-
dale model for investigating dynamic propagation of a semi-infinite
crack under Mode II loading condition. Fan [18] presented a Dug-
dale model for a Yoffe crack [19]. In the model of Fan [18], two
Dugdale zones of equal length exist at the crack tips during crack
propagation, an assumption consistent with the Yoffe crack model
in which crack length remains unchanged during propagation. It
is well known that the Yoffe crack model is not realistic because
the rear crack tip would have to close to maintain a constant crack
length. Nevertheless, the model [18] provides a closed form solu-
tion for dynamic crack propagation using a cohesive zone modeling
approach. Most recently, Wu and Ru [20] presented a modified
Dugdale model for the Yoffe crack in which the cohesive traction
is an arbitrary symmetric function and is determined to satisfy a
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Fig. 1. (a) A moving crack and crack front cohesive zone. (b) The traditional Yoffe
crack and Dugdale zones.

yielding criterion along the cohesive zone. Their model, however,
still assumed two cohesive zones at both rear and front tips of the
moving crack.

The present work considers a Yoffe crack/cohesive zone model
in which the rear crack tip closes during crack propagation so that
the crack length remains fixed. A Dugdale cohesive zone exists
only at the front crack tip and propagates with the crack, see
Fig. 1a. The cohesive zone length and the opening at the physical
crack tip (tail of the cohesive zone) are determined using a Fourier
transform/integral equation approach and are compared with the
traditional Yoffe crack model with two Dugdale zones at both tips
of the moving crack (Fig. 1b).

2. A Yoffe crack/cohesive zone model

Consider a crack of length L propagating at a constant speed V in
an elastic medium as shown in Fig. 1a. The rear crack tip remains
closed during propagation and a Dugdale cohesive zone develops at
the front crack tip with a length of R. It is assumed that the surfaces
of the crack and cohesive zone are subjected to a pressure of linear
distribution given by

p0 + p1x, − c ≤ x ≤ c (1)

where p0 and p1 are constants, 2c is the total length of the crack and
the cohesive zone, and x is the moving coordinate with the origin at
the center of the crack/cohesive zone. Hence, the crack length and
cohesive zone length satisfy the relation

R + L = 2c (2)

Moreover, the cohesive zone surface is further subjected to the
constant cohesive traction as follows

�cohesive = �0, a ≤ x ≤ c (3)

where a = c − R. The boundary conditions of the moving
crack/cohesive zone problem are thus given by

�yy = −(p0 + p1x) + H(x − a)�0, |x| ≤ c, y = 0 (4a)

uy = 0, |x| > c, y = 0 (4b)

�xy = 0, |x| < ∞,  y = 0 (4c)

�xx, �yy, �xy → ∞,
√
x2 + y2 → ∞ (4d)

where H(·) is the Heaviside step function. Finally, the stress inten-
sity factors at the cohesive zone tip x = c and the rear crack tip x = −c
must be zero so that no stress singularity exists at the cohesive zone
tip and the rear crack tip is closed during crack propagation, i.e.,

KI(c) = 0,

KI(−c) = 0
(5)

The basic equations of the elastodynamics in the moving coor-
dinate system (x, y) are [6]
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The displacements are expressed in terms of the two  potentials
ϕ and   as follows
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and the stresses are related to the displacements by Hooke’s law
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In Eqs. (6)–(8), � and G are Lame constants, and ˛1 and ˛2 are
given by
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, ˛2 =

√
1 −

(
V

c2

)2
(9)

where c1 and c2 are the wave speeds given by

c1 =
√

(� + 2G)
�

, c2 =
√
G

�
(10)

in which � is the density. Here we assume plane strain condi-
tions prevail. For plane stress, the Lame constant � is replaced by
�* = 2�G/(� + 2G).

3. Integral equation solution

We use a Fourier transform/integral equation approach to solve
the moving crack/cohesive zone problem. The final singular integral
equation has the following form

−c∫
−c

f (x′)
x′ − x

dx′ = −�FD(V)
G

[p0 + p1x − �0H(x − a)],  − c ≤ x ≤ c

(11)
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