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a b s t r a c t

A new mathematical model was developed to predict the yield strength under high pressure solidifi-
cation. This model can be used in the binary hypoeutectic alloy system which contains solid solution and
intermetallic compound. Following this model, the total change of yield strength under high pressure is
affected by solid solution, eutectic spacing and grain size. This effect can be quantitatively measured by
the change of a pressure-solid solubility function f(P). This model reveals that along with the variation of
f(P), change in the solubility and eutectic spacing lead to opposite influences on yield stress. Application
of the model to the binary Mg-20.3 wt%Al solidified under different pressure was conducted. It was found
that this model can perfectly explain the change in the yield strength of Mg-20.3 wt%Al alloy solidified
under high pressure. This model can provide theoretical guidelines for choosing reasonable solidification
pressure to optimize microstructure and properties of binary hypoeutectic alloy in high pressure
solidification.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Alloys of hypoeutectic composition are extensively used for
different engineering applications because they have relatively low
melting points, excellent fluidity, and good mechanical properties
[1,2]. These excellent properties are highly dependent on the frac-
tion and morphology of eutectics in the hypoeutectic alloy. So the
eutectic is keeping to be a hotspot of research, more and more
attention is paid to different aspects of eutectic these years, such as
dynamic effects, stability of growth, simulation and mathematical
prediction, especially the prediction and control of the mechanical
properties is meaningful to the application [3e5].

The fraction and morphology of the eutectic in hypoeutectic
alloy can be effectively controlled by pressure under high pressure
solidification [6]. The ever increasing chamber dimension and
pressure in the high-pressure manufacturing equipment allows

high-pressure manufacturing has become a critical solution for
preparing materials with superb properties nowadays [7e9]. In
previous studies, Wang [10], Jie [11], Teng [12] and Obiekea KN [13]
has been suggested that mechanical properties such as yield stress
(YS), tensile strength and hardness will be effected by high pres-
sure. But all of these works cannot give conclusions which agree
well with the experimental results and the relationship between
mechanical properties and pressure has not been sufficiently dis-
cussed, especially almost no existing mathematical model of the
mechanical properties under high pressure. Our previous studies
[6] have developed a model that effectively reveals the relationship
between the solidification pressure and the eutectic spacing, which
makes it possible to identify the quantitative relationship between
solidification pressure andmechanical properties. It would be quite
beneficial for research and applications purposes to establish an
accurate mathematical model that describes the relationship be-
tween pressure and mechanical properties. More specifically, it can
be used to predict the influence of pressure on the mechanical
properties of alloy, and thus facilitates the identification of an
optimized pressure under which yields best mechanical properties.

In this article, a new mathematical model was developed to
represent the yield strength of the binary hypoeutectic alloy so-
lidified under high pressure. The binary hypoeutectic alloy contains
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the first structural phase (solid solution) and the second structure
(eutectic which consist of solid solution and intermetallic com-
pound). The Mg-20.3 wt%Al solidified under different pressure
were investigated to prove the correctness of the model. This work
can provide theoretical guidelines for choosing reasonable solidi-
fication pressure to optimize microstructure and properties of bi-
nary hypoeutectic alloy in high pressure solidification.

2. Mathematical model

The focus of the present work is tomodel the change of the yield
strength under high pressure. Yield strength is a reflection of the
amounts of the two phases and their respective mechanical prop-
erties, a hard phase and a soft phase together will to some extent
average out to an in-between value. For hypoeutectic (solid solution
matrix and eutectic), the yield strength is decided by both the solid
solution and eutectic. The following basic equation is usually used
to analyzed the yield strength of materials with mixed structural
constituents [14,15].

sy ¼ f na sa þ
�
1� f na

�
se (1)

where sy is the yield strength of the alloy, sa is the yield strength of
the first structural phase (primary solid solution in hypoeutectic
alloy), se is the yield strength of the second structural phase
(eutectic in hypoeutectic alloy), fa is the volume fraction of solid
solution and (1�fa) is the volume fraction of eutectic. Thus the yield
strength of the aggregate is presented as the sum of the separate
contributions from solid solution and eutectic and weighted ac-
cording to their volume fractions.

Several investigators have reported the solid solution
strengthening in alloys [16e18] and make considerable work in the
quantification of the relationship between solid solubility and yield
strength. According to the work of Akhtar and Teghtsoonian [19],
the yield strength of solid solution can be expressed by a function of
solid solubility. It takes account of the solid solution strengthening
effect and Hall-Patch relationship. The yield strength of solid so-
lution matrix can be expressed as Eqn. (2).

sa ¼ s0 þ kacn þ kdd
�1 =

2 (2)

where sa and s0 is the yield stress of solid solution and pure metal
respectively; ka and kd is parameters determined for the material,
for convenience, an average kd ¼ 0.3 MPam�1/2 will be taken for the
analysis (Mg alloy) [20]; c is the atom concentration; n ¼ 1/2e1. It
has been reported that the value of n is similar to 1 at high con-
centrations of solute atoms, while it is similar to 0.5 at low con-
centrations [21].

ka ¼ mB (3)

B is the solid solution hardening rate on the basal plane andm is the
Taylor orientation factor connecting the tensile flow stress of the
polycrystal to the resolved shear stress of the relevant slip systems.
Akhtar and Teghtsoonian [19] determined B as 21.2 and 39.5 for
n ¼ 1/2 and 2/3, respectively, but no theoretical or experimental
value has been reported for m in Mg alloys, although Lukac [22]
suggested that it should lie between 4 and 6. Due to lack of rele-
vant data, a mean value of m ¼ 5.5 adopted in this paper.

According to the work by M. Zhao et al. [23], for normal crys-
talline materials with d > 10 mm, the change of d�1/2 term is
negligible. When 10 mm > d > 100 nm, the model prediction is in
reasonable agreement with experimental results.

Previous studies [24e26] showed the solid solubility changed
apparently under high pressure. And according to the contribution

given by L. Kaufman and Y. Minamino [27], who set up a mathe-
matical model for solid solubility under high pressure, obtaining:

XaðPÞ ¼ Xað0Þ þ PdXa

dP
(4)

vXa

vP
¼

Xa

�
VB�Va

XB�Xa � vVa

vXa

�
RT

(5)

where superscripts a and B indicate the solid solution and second
phase. The term X(P) is the mole fraction of solid solubility at
pressure P, Xa is equal to Cs; V is the molar volume; R is the gas
constant; and T is the temperature.

The X can be defined as a function of pressure, a function pre-
sent the relationship between solid solubility and pressure.

X ¼ fðPÞ (6)

So the c, solid solubility can be defined as a function of pressure.
This function can provide the corresponding values of solid solu-
bility f(P) for the selected pressure if the volumetric conditions of
the phases in binary alloy are known. And the Eqn. (2) can be
expressed as

sa ¼ s0 þ kaf ðPÞn þ kdd
�1 =

2 (7)

Modi.O.P, etc. [28], Dollar M [29] and Gladshtein [30] have
established formulas about the effect of interlamellar spacing on
mechanical properties based on the study on fully pearlite. The
yield strength of the eutectic can be simply expressed as functions
of the inverse of the square root of the interlamellar spacing (l

�1 =

2).
The distance between two consecutive lamellae of one phase in one
eutectic cluster is termed as eutectic spacing. In the irregular
eutectic, the spacing between lamellae varies and is non-uniform.
Hence, for irregular eutectic, eutectic spacing is often referred as
the average spacing.

se ¼ s00 þ Kl�1

=

2 (8)

where se is the yield strength of eutectic, s00 is the internal fric-
tional strength of ferrite with infinite mean free path and K is the
dislocation locking constant.

The pearlite is eutectic which is composed of ferrite and
cementite. Ferrite, also known as a-Fe is solid solution which is
ductile, and the cementite is a compoundwhich is hard, brittle. This
composition is very similar to some binary alloy eutectic which
composed to ductile solid solution and hard, brittle intermetallic
compound, such as the Mg-Al alloy which is composed to a-Mg, a
ductile solid solution and g-Mg17Al12, a hard, brittle compound. So
we can quote the Eqn. (8) to the Mg-Al system or other similar
systems.

According to our study [6] the morphology of eutectic in
hypoeutectic alloys changed remarkably under high pressure so-
lidification. And a mathematical model [6] has been developed for
the relationship between eutectic spacing and pressure:

l ¼ 42q
f ðPÞ

2pðCl � f ðPÞÞ (9)

where f(P) is same as mentioned earlier, 4 and q are constant for a
given system, Cl is the composition of the liquid alloy.

By inserting Eqn. (9) into Eqn. (8), the Eqn. (8) is obtained as:
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