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1. Introduction

In recent years the mechanical behavior of chiral materials has been the subject of many investigations. The deformation of chiral
materials is of interest for the investigation of bones, carbon nanotubes, auxetic materials, as well as composites with inclusions. In this
paper we use the theory of gradient elasticity (Toupin, 1962; Mindlin, 1964) to establish the fundamental solutions of the field equations
for isotropic chiral solids. This work is motivated by the recent interest in using gradient elasticity to model the chiral behavior of elastic
materials (see Maranganti and Sharma, 2007; Auffray et al., 2009; Papanicolopulos, 2011; Askes and Aifantis, 2011 and references therein).
We note that the gradient elasticity has been recently used to investigate the behavior of carbon nanotubes (Wang and Hu, 2005; Wang
and Wang, 2007; Aifantis, 2009; Zhang et al., 2010; Yayli, 2011). Papanicolopulos (2011) established the constitutive equations of isotropic
chiral solids in linear gradient elasticity. The field equations show that the chiral behavior is related to the gradient of the rotation.

In the present paper we consider the linear theory of gradient elasticity for homogeneous and isotropic chiral solids. In the case of
centrosymmetric materials, Mindlin (1964) established a general solution of the displacement equations of equilibrium and used it to
derive fundamental solutions for isotropic solids. In this paper we extend these results to chiral materials. Following Mindlin (1964),
we first establish general solutions of the displacement equations for chiral materials. Then, we use these solutions to investigate the
effects of the concentrated body forces. In Section 2 we present the basic equations of this theory. Section 3 is devoted to a counterpart
of the Cauchy-Kowalewski-Somigliana solution in the dynamic theory of classical elasticity. A general solution of the field equations
that is analogous to the Boussinesq-Somigliana-Galerkin solution in the classical elastostatics is also established. In Section4 we use
the representation of solutions given in the preceding section to derive the fundamental solutions of the displacement equations in the
equilibrium theory and in the case of steady vibrations. The fundamental solutions play an important role in both applied and theoretical
studies on the mechanics of solids. They can be used to construct various analytical solutions of practical problems when boundary
conditions are imposed. The fundamental solutions are used in the potential theory (Kupradze et al., 1979; lesan, 2009) and they are
essential in the boundary element method as well as the study of cracks, defects and inclusions (Sharma, 2004 and references therein). In
the case of achiral materials the fundamental solutions in the gradient elastostatics have been established by Mindlin (1964) and Rogula
(1973).
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2. Basic equations

Mindlin (1964) presented three forms of the linear theory of gradient elasticity. The relations among the three forms have been estab-
lished by Mindlin and Eshel (1968). In what follows we will use the first form of the gradient elasticity. We note that the three forms of the
theory lead to the same displacement-equations of motion of isotropic chiral elastic solids.

In this section we present the fundamental equations of the linear gradient elasticity. Let us consider a body that in the undeformed
state occupies the regular region B of euclidean three-dimensional space and is bounded by the surface dB. We refer the deformation of
the body to a fixed system of rectangular axes Ox;, (j=1, 2, 3). We shall employ the usual summation and differentiation conventions:
Latin subscripts (unless otherwise specified) are understood to range over the integers (1,2,3), whereas Greek subscripts to the range (1,2);
summation over repeated subscripts is implied and subscripts preceded by a comma denote partial differentiation with respect to the
corresponding cartesian coordinate. In all that follows, we use a superposed dot to denote partial differentiation with respect to the time.

We assume that B is occupied by a homogeneous and isotropic chiral elastic solid. Let u be the displacement vector field on B. The strain
measures are defined by

1
& = 5 (Uij T Ui, Kijke = Ugj- (1)

The potential energy density for a homogeneous and isotropic chiral elastic body is given by (Mindlin and Eshel, 1968; Papanicolopulos,
2011)

1
W = i}h@ﬁEjj + [Lejjejj + Q1 KjikKijj + 02KijiKirr + O3KjirKjjr + XaKijkKijk + X5KijKkji + 2f‘9ikmeinkjma (2)

where é&;j, is the alternating symbol and A, u, as, (s=1, 2, ..., 5), and f are prescribed constants. The constitutive equations for the stress
tensor and double stress tensor are

Tjj = Aerdij + 2uejj + f(EikmKikm + EjkmKikm)»

1
Hijie = 501 (Krribjic + 2617 8ij + KrrBie) + 2 (KinrSjc + KjrrSie) + 203 K77iSij + 20takije + 005 (ke + Kiig) + f (Eis€s + Ejseis)s (3)

where §;; is the Kronecker delta.
In the gradient elasticity the equations of motion are expressed in the form

Tjkj — Mijk,ij + OFi = pily, (4)

where Fy is the body force per unit mass and p is the density in the reference configuration.
From (1), (3) and (4) we obtain the field equations in terms of the displacement field,

Dot + [c2 — ¢ — (203 — c3¢3)A) grad divu + 2fo A curlu = —F, (5)

where we have used the notations

2
Da:cﬁ(l—(ﬁA)A—%, (@=1,2),
5 5
6
¢ =0+2m)/p, 2 =n/p, Z%=mzaj, ©®)
j=1

2
03 = ﬁ(a3 +a4), Ag=gi, fo=f/p.

If f=0, then Eq. (5) reduce to those established by Mindlin (1964) for achiral materials. The positive definiteness of the internal energy
density implies that (Mindlin and Eshel, 1968; Papanicolopulos, 2011)

2>c2>0, £2>0 03>0, 3f%<puay—as).

3. General solutions of the field equations

Following Mindlin (1964) we now establish general solutions of the displacement equations. With a view toward deriving fundamental
solutions for chiral materials we first establish a solution of the field equations that is analogous to the Cauchy-Kowalewski-Somigliana
solution in the dynamic theory of classical elasticity (Gurtin, 1972).

Theorem 1. Let

U =006 —{[¢? — 3 — (c34% — c303) A0, — 4fF A?) grad div G — 2fo )y curl G, (7)
where the vector field G of class C'2 on B x I satisfies the equation

01(03 + 4f2 A%)G = —F. (8)

Then u satisfies the Eq. (5).
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