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a b s t r a c t

This paper deals with dynamical behavior of a nonlinear suspension system. We examine
chaotic motion in a vehicle suspension system with hysteretic nonlinearity excited by a
road profile. A one degree of freedom quarter-car model with nonsymmetric potential is
investigated. The Melnikov criterion is used to study the intersection of stable and unstable
manifolds and transition to chaos for the system. The condition for chaotic vibration is
found using a Melnikov function. Chaotic motion also is indicated by a bifurcation diagram
and Lyapunov exponents.

Crown Copyright � 2009 Published by Elsevier Ltd. All rights reserved.

1. Introduction

Magneto-rheological and electro-rheological fluids usually consist of pure and soft iron particles in an insulative carrier
liquid. The essential feature of magneto-rheological and electro-rheological fluids is their ability to reversibly change states
from a viscous fluid to a semisolid or even solid with controlled yielding strength within a few milliseconds when they are sub-
jected to controlled magnetic/electric fields. Compared with electro-rheological fluids, the viscosity control of magneto-rheo-
logical fluids requires a power supply of low voltage only. Thus magneto-rheological fluid appears to be an effective alternative
to electro-rheological fluids in use as controllable dampers for vehicle suspension systems. The dislocation movement and plas-
tic slipping among molecular chains or crystal lattices consume energy such that the restoring force of a magneto-rheological
fluid damper always delays the input displacement or velocity. This phenomenon of energy dissipation is known as hysteresis.
Multivalued and non-smooth hysteresis will lead to many complicated behaviors such as bifurcation and chaos Li et al. (2004).

Litak et al. (2008) investigated a possible chaotic motion in a nonlinear vehicle suspension system which is subjected to
multi-frequency excitation from a road surface. Litak et al. (2008) investigated global homoclinic bifurcation and transition
to chaos in the case of a quarter-car model excited kinematically by a road surface profile.

In this paper an existing quarter-car model is studied with a semi-active suspension system and the addition of a
gravitational term. The condition of chaotic vibration is proved by using Melnikov method Li et al. (2004). The chaos in
the system is shown by using a bifurcation diagram and Lyapunov exponents Wolf et al. (1985). The existence of chaos
in the system also is illustrated via periodic phase plane plot (periodic Poincaré sections) and time history.

2. The quarter-car model

The one degree of freedom quarter-car model with hysteretic nonlinear damping is studied as shown in Fig. 1. The equa-
tion of motion of the system is given by
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M€xþ k1ðx� x0Þ þMg þ Fz ¼ 0 ð1Þ

where Fz is hysteretic nonlinear damping force of magneto-rheological fluid damper;
Now let y = x � x0, x0 = A SinX0t and Fz ¼ k2 x� x0ð Þ3 þ c1ð _x� _x0Þ þ c2ð _x� _x0Þ3

Eq. (1) can be written as

€yþx2yþ B1y3 þ B2 _yþ B3 _y3 ¼ �g þ FSinX0t ð2Þ

where x2 ¼ k1
M , B1 ¼ k2

M, B2 ¼ C1
M , B3 ¼ C2

M , F = AX/2.

For simulation the following values given by Litak et al. (2007) are considered.
M = 240 kg, k1 = 160,000 N m�1, k2 = �300,000 N m�3, C1 = �250 N s m�1, C2 = 25 N s3 m�3.
The corresponding dimensionless equation of motion can be written for a scaled time variable s = xt as

€yþ yþ ky3 þ a _yþ b _y3 ¼ �g0 þ AX2SinðXsÞ ð3Þ

where

k ¼ B1

x2 ¼
k2

k1
; a ¼ B2

x
¼ C1ffiffiffiffiffiffiffiffiffiffi

k1M
p ; b ¼ B3x ¼ C2

ffiffiffiffiffi
k1

M

r
; X ¼ X0

x
and g ¼ g0

x2 ð4Þ

Let e = a, Substituting in Eq. (3) one obtains

€yþ yþ ky3 þ eð _yþ c _y3 þ bg0 � f SinðXsÞÞ ¼ 0 ð5Þ

Eq. (5) in state space form can be written as

_y1 ¼ y2

_y2 ¼ �y1 � ky3
1 þ eð�y2 � cy3

2 � bg0 þ f SinðXsÞÞ
ð6Þ

where

c ¼ c2x2

c1
; b ¼ Mx

c1
; f ¼ MxAX2

c1
ð7Þ

Nomenclature

M the mass of the body
C2 nonlinear damping coefficient
g acceleration due to gravity
x the body’s vertical displacement
X0 excitation frequency
k2 nonlinear stiffness
x natural frequency
C1 linear damping coefficient
k1 suspension stiffness
x0 the road excitation
A amplitude
y relative displacement

M X 
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Mg 

Fig. 1. The quarter-car model with nonlinear damping and stiffness.
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