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This paper proposes a novel approach to obtain the maximal singularity-free regions of planar
parallel mechanisms, which is based on a constructive geometric reasoning. The proposed
approach consists of two algorithms. First, the borders of the singularity-free region associated
with an arbitrary starting point of the moving platform are obtained. Then, the second algorithm
finds the center of themaximal singularity-free circle, which is obtained using the so-called offset
curve algorithm. The procedure is applied to a 3-PRR planar parallel mechanism as an example
and the obtained results illustrate graphically the effectiveness of the proposed algorithm. The
proposed approach can be directly applied to obtain themaximal singularity-free circle of similar
parallelmechanisms,which is not the case for other approaches proposed in the literature that are
limited to a given parallelmechanism, namely, the 3-RPR planar parallelmechanism.Moreover, as
the main feature of the proposed approach, it can be implemented both in a CAD system and in a
computer algebra system where non-convex and reentrant curves can be considered.
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1. Introduction

Parallel mechanisms (PMs) are robotic mechanical systems composed of onemoving platform and one base connected by at least
two serial kinematic chains [1–3].

The last two decades havewitnessed a noticeable rise in the number of publications regarding the kinematic anddynamic analyses
of PMs to propose the most promising design. PMs have their own drawbacks and even a simple one can lead to a complicated
kinematic analysis. In general, when a PM is not symmetrical, its geometry and kinematic analysis are usually complex.

The singularities of PMs should also be carefully studied as PMsmaygain or lose someDOF, and consequently becomeuncontrollable,
in such configurations [1].

These configurations can be mathematically related to the singularity of some Jacobian matrices arisen from the first-order
kinematic properties of the mechanism [4]. Designing a PMwith a singularity-free workspace is a vital condition for further analysis,
such as path planning and control.

This paper aims at obtaining the Maximal Singularity-Free Circle (MSFC) of 3-DOF planar PMs for a given orientation of their
mobile platform.

A workspace in the shape of circle is chosen for the sake of simplicity. However, the developed algorithm can be used to obtain a
maximal singularity-free workspace of any other shape. It is worth noting that this study is a first step toward the dimensional
synthesis of PMs for which a desired singularity-free workspace, i.e., MSFC, is prescribed.
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To the best of our knowledge, in the literature, results of the MSFC have been obtained only for a prescribed center point and this
assumption bounds the radius of the circle and results into a local optimum solution. In this paper, the center point of theMSFC is not
prescribed and is foundby using a geometrical reasoning. It should be noted that theMSFC is readily computed once the center point is
obtained. The proposed approach for obtaining the center point of the MSFC is based on a novel constructive geometric procedure,
which is the main contribution of the paper.

The first proposed algorithm, called conceptual algorithm (Alg. Conc), presents a conceptual approach in order to obtain the
singularity-free region of PMs, which could be applied to non-convex singularity locus. Afterwards, practical algorithm (Alg. Prac)
presents a practical method based on Alg. Conc. Moreover, an offset curve algorithm, Alg. Offs, is adapted for the geometric purpose
of this work. Offset curve algorithms [5,6] are geometric constructive tools, which have diverse engineering applications and have
consequently motivated extensive researches concerning various offset techniques. They play an important role in numerical control
and CAD/CAM applications [5]. To the best of our knowledge, the problem of MSFC has never been investigated upon a geometric
standpoint. The proposed algorithm, which is inspired from geometric properties associated to the MSFC, could be implemented
either in a computer algebra system or using a CAD system.

Through this paper, in order to illustrate the proposed approach, as a case study, the procedure of obtaining theMSFC is applied to
a 3-PRR planar PM. Note that, P stands for an actuated prismatic joint and R stands for a passive revolute joint. However, it can be
extended to all planar 3-DOF PMs presented in [7]. To the best of our knowledge, 3-RPR and 6-UPS (SPS) PMs have been widely
treated in the literature since they lead respectively to quadratic and cubic polynomial expressions for their singularity locus
which simplifies considerably the mathematical challenge. There has been an extensive study conducted on the singularity-free
workspace of PMs where most of them are based on complicated numerical approaches and entail some limits.

Bonev et al. [8] conducted an exhaustive study on the singularity locus of planar 3-DOF PMs by resorting to screw theory. In [9], a
method based on the geometrical parameters is proposed for which the singularity-free workspace of a three-legged PM is obtained.
The search for the maximum singularity-free circle of 3-DOF PMs can be expressed mathematically as an optimization problem
accompanied with a constraint resorted to the Lagrangian multipliers [10].

Jiang andGosselin [11–14] proposed some numerical techniques tofind the singularity-freeworkspace of 3-DOF PMs. Recently, in
[15], upon resorting to particle swarm optimization themaximum singularity-free circle of a 3-DOF PMwas obtained for a prescribed
center point. In [16], Mousavi et al. obtained the maximal singularity-free ellipse included in the workspace of a 6-UPS PPM, using
convex optimization. Moreover, in [17], the problem of closeness to singularity is addressed by formulating the question in terms
of a constrained optimization problem. In [18], an interval-basedmethod is introduced to obtain themaximal singularity-free sphere,
in the constant-orientation workspace of parallel robots. The approach is applicable for almost all parallel robots, but in the case of
high degree polynomial of singularity, the procedure leads to a very time consuming computation.

A minor modification in the kinematic arrangement, for instance having a 3-PRR PM instead of 3-RPR PM, leads to the
complexity of the procedure for which methods reported in [19–21,11,10,9,7] are not applicable and fail to provide satisfactory
results. One of the problems in such investigations is the presence of the square roots in the singularity loci expressions. The
proposed algorithm is split into two parts: (1) the first part deals with the algorithm used to obtain the subregion of interest
for the MSFC, which is presented in two forms; Alg. Conc in concept and Alg. Prac in practice, and (2) a second algorithm is
developed to obtain the center point of the MSFC for the foregoing subregion obtained from the first part, called Alg. Offs.

The remainder of this paper is organized as follows. First, the kinematic properties of the PM under study, i.e., the 3-PRR PM, are
broadly reviewed. The two proposed algorithms, Alg. Conc and Alg. Prac, are presented and fully described to the end of obtaining the
singularity-free region. Finally, the offset curve algorithm, called Alg. Offs, is introduced and used in order to obtain the center and
radius of the MSFC form singularity-free region.

2. Kinematic review of a 3-PRR planar parallel mechanism

A3-PRRplanar PM, Fig. 1(a), consists of three kinematically identical limbs actuated by aprismatic jointfixed at the base and followed
by two passive R joints, as depicted in Fig. 2. As it can be observed from Fig. 2, Oxyz, with i, j and k as unit vectors, represents the fixed
frame and O0

x0y0z0 stands for the moving frame. The pose (position and orientation) of the moving-platform is defined by (x, y, ϕ)
where p = [x, y]T and ϕ represents respectively the Cartesian position and the orientation of the moving frame with respect to the
fixed frame. Upon resorting to screw theory [7], the kinematic Jacobian matrix J of the mechanism can be formulated as follows:

J ¼

l1 r1 � l1
l2 r2 � l2
l3 r3 � l3

0 î
0 ĵ
k̂ 0

2
66666664

3
77777775
; ð1Þ

inwhich li, i=1, 2, 3, is the unit vector of the line connecting pointBi to pointCi and ri is the vector connecting the origin of themoving
platform to point Ci. Singular configurations of the mechanism occur when the Jacobianmatrix J becomes rank deficient [22], i.e., the
determinant of the foregoingmatrix vanishes, det(J) = 0. The latter condition leads to a polynomial of degree 20 (20 in y and 16 in x)
for a constant-orientation of themoving platform [7]. It is worth noticing that the latter polynomial corresponds to the eight working
modes of themechanism and, as reported in [7], it is not possible tofind a polynomial expression for a singleworkingmode among the
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