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a b s t r a c t

A formalism for the inelastic cross-section for electronic collisions of protons and heavier ions in a mate-
rial is developed based on a quadratic extrapolation of the experimentally based dipole oscillator strength
distribution (DOSD) of the material into the energy momentum plane. The approach is tested by calcu-
lating various energy loss properties in zirconium dioxide. Mean free path, stopping power and continu-
ous slowing down approximation (csda) range are predicted as a function of ion energy for various
incident ions, with the stopping powers compared to experimental data to assess the effectiveness of
the methodology. The DOSD is straightforwardly obtained from the experimentally measured energy loss
function data below 80 eV and atomic photo-absorption cross-section data above 100 eV. Agreement
between the results of the calculation for stopping power and the experimental data is within 10% for
all ions when compared for energies greater than the Bragg peak. The discrepancy is larger below the
peak due to limitations in the methodology, especially the failure to make corrections for the Barkas
and higher order effects and the lack of charge cycling cross-section data.
� 2016 The Authors. Published by Elsevier B.V. This is an open access articleunder the CCBY license (http://

creativecommons.org/licenses/by/4.0/).

1. Introduction

There have been numerous studies of the energy loss properties
of charged particle radiation in matter since Bethe’s pioneering
work [1]. Over the last 20 years, extensive effort has been spent
attempting to incorporate material and phase information, in par-
ticular Ashley has proposed an approach based on the use of the
dipole oscillator strength distribution (DOSD) for a material [2].
This formalism has subsequently been deployed by a number of
research groups [3–7] primarily to look at the energy loss of
electrons, positrons and protons in water [3,4]; however there
are limited applications to other materials including DNA and
hydrocarbons [7,8]. The simulation and microscopic understanding
of the structure of ion tracks in a material relies upon the availabil-
ity of suitable cross-sections for the various collision processes,
especially electronic ionisation and excitation and charge exchange
between the irradiation particle and the medium.

This study describes the development formalism for the facile
prediction of the inelastic cross-section for electronic ionisation
and excitation of ions in a wide variety of materials which avoids
the use of a model for the general oscillator strength (GOS) for each
material. The formalism is based on the approximation developed

by Ashley and the use of experimental DOSD from optical data
thereby allowing significant flexibility and applicability. The for-
malism is applied to zirconium dioxide (ZrO2) in order to assess
its effectiveness. Elucidating radiation damage and the energy loss
characteristics of ions in ZrO2 is an important challenge in under-
standing the performance of light water reactor fuel cladding for
both in-reactor operation and interim storage, as zirconium is
the principal component of LWR fuel cladding.

In this paper, the methodology used for calculating both the
inelastic cross-sections and energy loss properties of heavy ions
is described, detailing the application of the ‘Ashley’ approximation
to heavy ions and describing considerations of the effective charge
of the incident ion on the stopping power. The DOSD of ZrO2 is for-
mulated from the available experimental data and the energy
dependent inelastic cross-section, Y function and mean free path
for electronic ionisation and excitation are evaluated as well as
various energy loss properties, specifically the stopping power,
and csda (continuous slowing down approximation) range. Mean
energy loss characteristics for incident ions in ZrO2 are compared,
where possible, to experimental data.

2. Methodology

The electronic collision cross-section as well as stopping power
and energy loss properties of an ion in a material can be related to
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the dielectric response function e(p, c) for the medium in question.
This complex function gives information on how a medium
responds to a momentum, p, or energy, c, transfer to it. When a
fully stripped ion with incident energy E =MV2/2 enters a material
the probability of the ion undergoing an energy loss per unit dis-
tance is given by [3]

sðE; cÞ ¼ Z2

pE

Z
Im½�1=eðp; cÞ�dp=p ð1Þ

where the reduced atomic units e ¼ me ¼ �h ¼ 1 are used (and are
used throughout this work) with e the electronic charge, me the
electron mass, �h Planck’s constant and M the reduced mass of the
ion. The Z2 term in Eq. (1) distinguishes the expression for heavy
ions from that for singly charged electrons and positrons, as noted
in reference [9].

The probability of an energy loss event can be related to the
inelastic collision cross-section by

rðEÞ ¼ 1
N

Z
sðE; cÞdc ð2Þ

with N being the number density of molecules in the medium.
Furthermore,

rðEÞ ¼ ðNKðEÞÞ�1 ð3Þ
where K is the mean free path of an ion in the medium. The stop-
ping power, S(E), and csda range, R(E), are given by the two
equations

SðEÞ ¼
Z
csðE; cÞdc ð4Þ

RðEÞ ¼
Z

1
SðEÞdE: ð5Þ

Crucially, the expressions for the energy loss properties in a
medium for an ion given above rely on Im[�1/e(p, c)], the
imaginary part of the complex dielectric response function. This
function is not available from experiment for most materials, how-
ever, the energy loss function (ELF) for optical data, where p = 0, is
much easier to obtain. Ashley has suggested an approximation to
allow the evaluation of the energy loss properties, namely, the
quadratic extension of the DOSD into the energy–momentum
plane [2]

Im½�1=eðp; cÞ� ¼
Z
c0

c
Im � 1

eð0; c0Þ
� �

d c� c0 þ p2

2

� �� �
dc0 ð6Þ

where c0 can be identified as a ‘binding energy’ associated with the
molecules in the medium. This approximation allows us to use
solely optical data in the previous Eqs. (1)–(5).

When evaluating the expressions (1)–(5) of an ion interacting
with the electrons in a medium the kinematic constraints of the
situation must be considered to determine the bounds of
integration. The ion with mass M and incident energy E =MV2/2
is assumed to collide with an electron at rest. The ion then leaves
with energy MV2

1=2 and the electron has energy v2
2=2 with the

contribution of c0 the ‘binding energy’ given to the system. Accord-
ing to energy conservation, we can say that MV2=2 ¼
MV2

1=2þ v2
2=2þ c0. We can also define the ‘energy loss’ as

c ¼ ðV2 � V2
1ÞM=2 > c0, which gives through simple rearrangement,

V1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 � 2c=M

q
.

For all possible energy losses, the value of c0min is 0 while the
maximum value of c0max always corresponds to the minimum pos-
sible momentum transfer for a given energy transfer. By applying
conservation of momentum, the following inequality for the mini-
mum momentum transfer is defined

pmin ¼ MðV � V1Þ < p: ð7Þ
When combined with the definition for V1 above and the fact that
v2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðc� c0Þp
, Eq. (7) becomes

c0 < c�M2 V2 � c
M

� V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 � 2c

M

r !
¼ c0max: ð8Þ

We can now apply a Taylor expansion to the square root terms in
Eq. (8) as c � MV2=2 for an ion colliding with an electron; giving

c0min ¼ 0 < c0 < c� c2=2V2 ¼ c0max ð9Þ
Taking the right hand side of Eq. (9) allows us to determine the

limits on energy transfer as

cmin ¼ V2 � V
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 � 2c0

q
< c < V2 þ V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 � 2c0

q
¼ cmax: ð10Þ

These inequalities, Eqs. (9) and (10), define the bounds of inte-
gration to a symmetric curve in the energy-transfer/binding-
energy plane with allowable values under the curve; see the
hashed area in Fig. 1.

Applying these constraints to Eq. (1) gives the following proba-
bility of energy loss,

sðE; cÞ ¼ Z2

2pE

Z c0max

c0
min

Im �1=eð0; cÞ½ � � Gðc; c0Þc0dc0 ð11Þ

where Gðc; c0Þ ¼ 1
cðc�c0 Þ. From this we are able to define the inelastic

cross-section and stopping power for electronic collisions as:

rðEÞ ¼ Z2

2NpE

Z V2=2

0
Im

1
eð0; c0Þ
� �

ln
ð1þ s� aÞð1� sÞ
ð1� s� aÞð1þ sÞ
� �

dc0 ð12Þ

SðEÞ ¼ Z2

2pE

Z V2=2

0
c0Im 1=eð0; c0Þ½ � ln 1þ s� a

1� s� a

� �
dc0 ð13Þ

with a = c0/V2 and s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2c0=V2

q
. From Fig. 1 it is clear to see that

when evaluating total cross-sections c0min ¼ 0 and c0max ¼ V2=2.
When modelling ion track structures, the simulations follow the

trajectory of an ion collision by collision until the energy of the ion
is less than a defined cut-off energy. The nature of a collision is
determined from relative cross-sections for each type of collision
at the energy of the ion, i.e. ionisation, excitation, vibration or

Fig. 1. The allowed integration region of the c � c0 energy plane for heavy ion–
electron collisions. When evaluating cumulative inelastic cross-sections for energy
transfers greater than c = V2 careful consideration of the bounds is necessary. For
example, when integrating at 0.6 as shown in the graph (double hashed), one must
calculate the area from 1 to 0.6 and subtract this from the whole cross-section.
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