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a b s t r a c t

A frequency-domain High-Cycle Fatigue (HCF) criterion based on the critical plane approach is here pro-
posed to estimate fatigue life of smooth metallic structural components under multiaxial random load-
ing. The procedure consists of the following three steps: (a) definition of the critical plane; (b) PSD
evaluation of an equivalent normal stress; and (c) computation of the fatigue life. A new formulation
to define the critical plane is adopted in order to improve the lifetime estimation. The criterion is vali-
dated through comparison of the obtained numerical results with experimental fatigue data available
in the literature for structural steel specimens subjected to a combination of random non-proportional
bending and torsion.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The type of loading experienced by many engineering structural
components during their service life may be random and non-
proportional. This is the case for metallic structures such as pres-
sure vessels, nuclear and pressure water reactors, gas turbines,
and automobile crankshafts [1,2]. Fatigue analysis under multiaxial
random loading is a research topic still open [3–10]: as a matter of
fact, the multiaxial state of stress under random loading requires
the use of cycle counting techniques and models which are signif-
icantly more complex than those used to estimate life under uniax-
ial loading.

Multiaxial fatigue criteria have historically been formulated
according to the time-domain approach [11–14]. Time-domain
procedures are based on cycle counting methods and damage accu-
mulation rules and, furthermore, require the knowledge of the
time histories of the local stress tensor components. Note that
many records are needed in order to obtain reliable statistical
parameters of the loading process.

On the other hand, multiaxial fatigue criteria formulated
according to the frequency-domain approach (often named spec-
tral methods) [3,9,15–21] are alternative tools to treat loading of
random type [22]. Frequency-domain procedures require no cycle
counting methods but they need damage accumulation rules and,
starting from the Power Spectral Density (PSD) function of local
stress tensor components, an estimation of damage is directly

obtained. Such features make the above criteria much more com-
putationally efficient than the time domain ones [15], still provid-
ing high levels of accuracy.

Hybrid frequency-time domain methods for predicting multiax-
ial fatigue life are also available in the literature [4].

Some multiaxial fatigue criteria originally developed in time
domain have been reformulated in frequency domain as multiaxial
spectral methods [6], and may be based on either an equivalent
uniaxial stress [15–21] or stress invariants [23,24].

Spectral fatigue life estimation for non-proportional multiaxial
random loadings is the subject of the present paper. For such a pur-
pose, the authors here propose a fatigue criterion based on an
equivalent uniaxial stress evaluated on the critical plane [25–27].
This criterion is a frequency-based reformulation of the original
time-domain method presented in Refs. [28–30].

The procedure consists of the following three steps:

(a) definition of the critical plane;
(b) PSD evaluation of an equivalent normal stress on the critical

plane;
(c) computation of the fatigue life.

The orientation of the critical plane is connected to both aver-
aged principal stress directions related to critical points of the
structural component being examined and the fatigue properties
of material. The latter dependence is taken into account through
a rotational angle, d, whose expression depends on material fatigue
limits under fully reversed normal stress (raf,�1) and shear stress
(saf,�1) [28].
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Recently, Łagoda et al. [31–33] have proposed some relation-
ships different from the original d expression, and have estimated
fatigue life of construction materials under cyclic loading. In the
present paper, these relationships are implemented in the pro-
posed criterion in order to estimate fatigue life of materials under
random loading. The scope is to verify whether such expressions are
able to improve the criterion in terms of lifetime evaluation.

Firstly, the theoretical framework of the criterion is presented.
Note that the background theory on the frequency-based charac-
terization of uniaxial and multiaxial random stresses as well as
on uniaxial spectral methods for fatigue damage assessment can
be found in Ref. [25]. Then, an application related to fatigue tests
on steel round specimens subjected to a combination of random
non-proportional bending and torsion [34] is discussed.

2. Theoretical framework of the proposed criterion

Fig. 1 shows the algorithm of the stress-based critical plane cri-
terion here proposed for the frequency-based analysis related to

High-Cycle Fatigue (HCF) random multiaxial loading. All the
reported steps are discussed in the following Sections.

2.1. Determination of the PSD matrix with respect to the PXYZ
reference system

Let us consider the stress tensor sxyzðtÞ ¼ fs1; s2; s3; s4; s5; s6gT ¼
frx;ry;rz; sxy; sxz; syzgT with respect to the fixed frame XYZ
(Fig. 2a), at point P in the structural component exposed to a gen-
eral time-varying random stress state. By assuming that the ran-
dom features can be described by a six-dimensional ergodic
stationary Gaussian stochastic process with zero mean values,
the PSD matrix with respect to PXYZ (Step 1 in Fig. 1) is here
displayed:

SxyzðxÞ ¼

S1;1 S1;2 S1;3 S1;4 S1;5 S1;6
S2;1 S2;2 S2;3 S2;4 S2;5 S2;6
S3;1 S3;2 S3;3 S3;4 S3;5 S3;6
S4;1 S4;2 S4;3 S4;4 S4;5 S4;6
S5;1 S5;2 S5;3 S5;4 S5;5 S5;6
S6;1 S6;2 S6;3 S6;4 S6;5 S6;6

2
666666664

3
777777775

ð1Þ

where x is the pulsation. The coefficients, Si,j(x), of such a matrix
are defined by means of the auto/crosscorrelation functions, Ri,j(s):

Ri;jðsÞ ¼ lim
T!1

1
T

Z T

0
siðtÞ sjðt þ sÞdt i; j ¼ 1; . . . ;6 ð2Þ

Si;jðxÞ ¼ 1
2p

Z þ1

�1
Ri;jðsÞe�ixsds i; j ¼ 1; . . . ;6 ð3Þ

being t = time and T = observation period.

Nomenclature

C = C(/, h, w) rotation matrix from PXYZ to PX0Y0Z0
~C ¼ ~Cð/; h;wÞ rotation matrix from P1̂2̂3̂ to Puvw
E[D] expected fatigue damage per unit time
pa(s) marginal amplitude distribution of the counted equiva-

lent stress cycles
PXYZ fixed reference system
PX0Y0Z0 rotated reference system
P1̂2̂3̂ reference system of the weighted mean principal stress

axes
Puvw reference system attached to the critical plane
Ri,j(s) auto/crosscorrelation functions
Seq(x) equivalent PSD function
sxyz(t) stress vector referred to the reference system PXYZ
sx0y0z0 ðtÞ stress vector referred to the reference system PX0Y0Z0

suvw(t) stress vector referred to the reference system Puvw
Sxyz(x) Power Spectral Density (PSD) matrix of sxyz(t)
Si,j(x) coefficients of the Sxyz(x) matrix
Sx0y0z0 ðxÞ Power Spectral Density (PSD) matrix of sx0y0z0 ðtÞ
Si0 ;j0 ðxÞ coefficients of the Sx0y0z0 ðxÞ matrix
S30 ;30 PSD function of the normal stress rz0

S60 ;60 PSD function of the shear stress sy0z0
Suvw(x) Power Spectral Density (PSD) matrix of suvw(t)
S300 ;300 PSD function of the normal stress rw

S600 ;600 PSD function of the shear stress svw
t time
T observation time interval

Tcal calculated fatigue life
Texp experimental fatigue life
c rotation about w-axis
d angle between the averaged direction 1̂ and the normal

w to the critical plane (Fig. 2b)
dL,i angles between the averaged direction 1̂ and the normal

w to the critical plane proposed by Łagoda et al., with
i = 1, . . . , 4

~d off-angle according to one of the expressions reported in
Eqs. (11) and (12)

kn n-th spectral moment, where n is a positive real number
ma expected rate of occurrence of the counted equivalent

stress cycles
mp expected rate of occurrence of peaks of the counted

equivalent stress cycles
mþ0 expected rate of zero-upcrossings of rz0

raf ;�1 normal stress fatigue limit for fully reversed normal
stress (loading ratio R = �1)

saf ;�1 shear stress fatigue limit for fully reversed shear stress
(loading ratio R = �1)

/, h, w Euler angles
/̂; ĥ; ŵ averaged Euler angles
x pulsation

Determination of the PSD matrix S ( )

Determination of the critical plane orientation

Fatigue life determination  Nf,cal
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Determination of the PSD matrix S ( )x'y'z'

Determination of the PSD matrix S ( )x''y''z''

Expected fatigue damage for unit time calculation E[D]

Fig. 1. Algorithm for fatigue life determination using the criterion herein proposed.
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