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a b s t r a c t

The problem of two collinear cracks in an orthotropic solid is investigated under applied mechanical and
uniform heat flow loadings. The thermal medium crack model is applied to address the effects of the
medium inside cracks. Applying the Fourier transform technique, the boundary-valve problem is reduced
to solving triple integral equations, then to solving singular integral equations with the Cauchy kernel.
The crack-tip thermoelastic fields involving of the strain energy density (SED) factors, the stress intensity
factors, the jumps of temperature and elastic displacements across the cracks are given in closed forms.
Numerical results are carried out to show the influences of applied mechanical loading and thermal con-
ductivity of crack interior on the thermal stress intensity factors, the temperature change across crack
faces and the strain energy density factors. The results reveal that the crack-tip thermoelastic fields
are dependent on applied thermo-mechanical loadings and the thermophysical properties of crack inte-
rior. The crack-face thermal property is important and it should not be disregarded in analyzing thermo-
elastic problems of a cracked solid under a thermal loading.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

The intersections of heat and deformation have arisen in many
engineering problems and attracted much interest [1,2]. One of the
important topics is the thermal stress concentration near crack
tips. To investigate the thermoelastic field around cracks, one can
understand more about the stability and service life of cracked
engineering materials and structures. Based on the theory of ther-
moelasticity [3], many efforts have been made for the thermoelas-
tic analysis of a cracked solid. For example, the character of
thermal-stress singularities at a crack tip has been investigated
in [4] for a cracked transversely isotropic solid. The observations
have revealed that the local singularities of thermal stresses near
a crack tip are the same as those with mechanical stresses. More-
over, various two- or three-dimensional crack problems have been
investigated under steady-state and transient thermal loadings
respectively [5–13]. The considered solids are always assumed to
be transversely isotropic, orthotropic and anisotropic respectively.

In the above mentioned works, the thermal boundary condition
at the crack faces is always assumed to be thermally insulated or
partially insulated. The influences of applied thermal loadings on

the thermal stress intensity factors are often focused on. However,
for a real situation, the crack may be filled with a certain medium,
and it will affect the thermoelastic fields near crack tips [14]. Re-
cently, considering the effects of thermophysical properties inside
a crack, the thermal medium crack model has been proposed [15].
That is, the thermal flux on the crack face qc

n is assumed to satisfy
the following relation:

qc
n ¼ �kc

Dhn

Dun
; ð1Þ

where kc is the thermal conductivity of the medium inside the
crack; Dun denotes the jump of the elastic displacement across
the crack; Dhn is the temperature difference across the crack. The
thermally permeable and impermeable crack models are the limit-
ing cases of the thermal medium one. Applying the boundary con-
dition (1), the effects of applied mechanical loadings and thermal
conductivity of crack interior on the thermal stress intensity factor
can be addressed, which is different from the previous studies about
the thermoelastic analysis of a cracked solid. And it has also been
applied to deal with the opening crack problem in an orthotropic
solid under thermomechanical loadings [16]. In addition, to charac-
terize the thermal stress field, the thermal stress intensity factor is
always calculated. When the uniform heat flow is applied past a
crack, the obtained results show that the mode-II stress intensity
factor is created [17]. The initiation of mode-II crack will be off
the crack line microscopically and exhibit the micro and macro
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characters. Then the strain energy density theory is more suitable
than stress intensity factor and energy release rate theory to predict
the crack growth [18,19]. In the present paper, the strain energy
density factor will be calculated and used to address the effects of
the medium inside a crack.

On the other hand, to investigate the crack problem in an elastic
solid, many mathematical methods have been used, such as the
mapping techniques [20], the integral equation method [20,21],
the linear sampling method [22], the Trefftz method [23] and so
on. Note that the problem of two collinear cracks in an orthotropic
material with heat flow loadings has been dealt with by using the
series method [5]. However, the series solutions of the crack-tip
thermal stress fields are only given when the symmetric heat flux
is applied on the crack surfaces. And the effects of applied mechan-
ical loading and thermal conductivity of crack interior on the ther-
mal stress intensity factor are not considered. Here the boundary
condition (1) is used to solve the problem of two collinear cracks
in an orthotropic solid under thermomechanical loadings. Applying
the Fourier transform technique and integral equation methods,
we present the closed-form solutions of crack-tip thermoelastic
fields. Numerical results show the dependence of the strain energy
density factor, thermal stress intensity factor and the jumps of
temperature change on applied mechanical loading and thermal
conductivity of crack interior.

2. Problem formulation

As shown in Fig. 1, consider that two collinear cracks are
embedded in an orthotropic solid. Cartesian coordinates system
xoy is used and the cracks are located on [�b,�a] and [a,b], respec-
tively. The uniform thermal flux �q0 and mechanical loading �r0

are acting on the crack surfaces. For the state of plane stress, we
have the following constitute equations [6]:

rxx ¼ c11
@u
@x
þ c12

@v
@y
� b1h; ð2Þ

ryy ¼ c12
@u
@x
þ c22

@v
@y
� b2h; ð3Þ

rxy ¼ c66
@u
@y
þ @v
@x

� �
; ð4Þ

with

c11 ¼
Exx

1� txytyx
; c22 ¼

Eyy

1� txytyx
; ð5Þ

c12 ¼
Exxtyx

1� txytyx
¼ Eyytxy

1� txytyx
; ð6Þ

b1 ¼ c11axx þ c12ayy; b2 ¼ c12axx þ c22ayy; ð7Þ

where u and v stand for the components of elastic displacement; h is
the temperature change; txx and tyy are the poisson’s ratios; Exx and
Eyy are the Young’s moduli; c66 = Gxy is the shear modulus; axx and
ayy are the coefficients of linear expansion.

Here we consider the stationary behavior of a cracked ortho-
tropic solid. It is seen that although the steady-state analysis is
highly idealized, the obtained results can be used to model some
real-world phenomena [24]. Application of the elastic equilibrium
equations leads to the governing differential equations as
follows:

c11
@2u
@x2 þ c66

@2u
@y2 þ ðc12 þ c66Þ

@2v
@x@y

� b1
@h
@x
¼ 0; ð8Þ

c66
@2v
@x2 þ c22

@2v
@y2 þ ðc12 þ c66Þ

@2u
@x@y

� b2
@h
@y
¼ 0: ð9Þ

Moreover, Based on the theory of Fourier heat conduction, we have

qx ¼ �kx
@h
@x
; qy ¼ �ky

@h
@y
; ð10Þ

where kx and ky are the thermal conductivities of an orthotropic
material. From the thermal equilibrium equation, one obtains

k2 @
2h
@x2 þ

@2h
@y2 ¼ 0; k ¼

ffiffiffiffiffi
kx

ky

s
: ð11Þ

In what follows, let us give the boundary conditions. Due to the
symmetry of the considered problem, the thermoelastic fields in
the region x P 0 and y P 0 are only investigated. In the present pa-
per, using the thermal medium crack model, the crack-face bound-
ary conditions can be written as

ryyðx;0Þ ¼ �r0; a < x < b; ð12Þ
rxyðx;0Þ ¼ 0; a < x < b; ð13Þ
qyðx;0Þ ¼ �ðq0 � qcÞ; a < x < b; ð14Þ

where

qc ¼ �kc
hðx;0Þ
vðx;0Þ ; a < x < b: ð15Þ

Moreover, the continuity of elastic displacements and temperature
change along the crack-free parts of x-axis yields

vðx;0Þ ¼ 0; 0 < x < a; x > b; ð16Þ
uðx;0Þ ¼ 0; 0 < x < a; x > b; ð17Þ
hðx;0Þ ¼ 0; 0 < x < a; x > b: ð18Þ

3. Solution procedure

Now let us solve the partial differential Eqs. (8), (9) and (11)
with the boundary conditions (12)–(18). Since the thermal Eq.
(11) is not coupled with the elastic strain, the temperature field
will be solved independently.

3.1. Temperature field

Since the temperature change will be vanished for y ? +1,
applying the Fourier transform technique, the solution of (11)
can be expressed as the following integral

hðx; yÞ ¼
Z 1

0
AðnÞe�nky cosðnxÞdn; ð19Þ

where A(n) is the unknown to be solved. From (10), one can arrive at

qxðx; yÞ ¼ kx

Z 1

0
nAðnÞe�nky sinðnxÞdn; ð20Þ

qyðx; yÞ ¼ kyk
Z 1

0
nAðnÞe�nky cosðnxÞdn: ð21Þ

From the boundary conditions (14) and (18), we have the following
triple integral equations

x

y

−σ0

−q0−σ0

a b

Fig. 1. Two collinear cracks embedded in an orthotropic solid under combined
thermomechanical loadings.
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