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a b s t r a c t 

In this paper, we study the weighted two-stage stochastic fault-tolerant facility location 

problem. We present a deterministic LP-rounding 5-approximation algorithm by exploit- 

ing both of its stochastic and fault-tolerant structures. We further offer an improved ran- 

domized LP-rounding 3.8617-approximation algorithm along with the corresponding de- 

randomized version with the same approximation ratio. 

© 2017 Published by Elsevier Inc. 

1. Introduction 

The facility location problem (FLP) has been widely studied in the operations research literature. In the classical FLP, we 

are given a facility set F and a client set C . There are an open cost f i ∈ R + for each i ∈ F and a service cost c i j ∈ R + for each 

i ∈ F and j ∈ C . We assume that c is a metric. The objective is to find an open facility subset S and an assignment σ : C → S of 

the clients to open facilities such that the total cost including the open cost and service cost is minimized. 

Since the FLP is NP-hard, one cannot obtain the optimal solution in polynomial time unless P = NP . There are many 

existing work on approximation algorithms for this problem. Shmoys et al. [1] give the first constant approximation ratio of 

3.16 by using the LP-rounding technique, followed by several improved approximation algorithms [2–8] . The currently best 

approximation ratio is 1.488 [9] based on LP-rounding combined with dual-fitting techniques. Guha and Khuller [4] and 

Sviridenko [10] show that the lower bound is 1.463 under the assumption P � = NP . For more discussion of the variants of the 

FLP, we refer to [11–14] and the references therein. 

Among these variants, we are particularly interested in the fault-tolerant facility location problem (FTFLP) and the two- 

stage stochastic facility location problem (2-SFLP). The FTFLP and 2-SFLP are introduced by Jain and Vazirani [15] and Ravi 

and Sinha [16] , respectively. 

In the FTFLP, each client j has an integer connection requirement r j . The objective is to open some facilities and connect 

each client j to r j different open facilities such that the total open cost and service cost is minimized. The FTFLP is reduced 

to the FLP if r j = 1 for all j . Byrka et al. [17] obtain an improved dependent LP-rounding 1.7245-approximation algorithm. 
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Guha et al. [18] introduce a general weight version for the FTFLP in which the service cost of each client j is a weighted 

sum of its distance to the r j different facilities. For the restricted weight version with nonincreasing weight vectors, they 

present an LP-rounding 4-approximation algorithm and further improve to 3.16 and 2.408 using randomization and greedy 

argumentation techniques. Hajiaghayi et al. [19] give two LP-rounding 4-, 3.16-approximation algorithms for the general 

weight FTFLP without the nonincreasing restriction on weight vectors. 

In the 2-SFLP, we are given two stages, possible scenarios together with the corresponding clients and probability distri- 

butions. Each facility can be opened in the first stage to serve any client in any scenario. The facilities opened in a given 

scenario can only be used to serve clients in that particular scenario. Usually, the open cost of each facility in the first stage 

is more expensive comparing with that in the second stage. The objective is to assign each client in each scenario to an open 

facility which is opened either in the first stage or in the second stage such that the expected total open cost and service 

cost is minimized. Ravi and Sinha [16] present an LP-rounding 8-approximation algorithm, which is further investigated by 

Shmoys and Swamy [20,21] . The currently best approximation ratio for the 2-SFLP is 1.8526 by Ye and Zhang [22] . 

Wu et al. [23] study the two-stage stochastic fault-tolerant facility location problem (2-SFTFLP) and give an LP-rounding 

5-approximation algorithm for the restricted weight version with nonincreasing weight vectors. Wu et al. [24] proposing an 

LP (location problem)-rounding approximation algorithm with 2.3613 per-scenario bound for this problem. In this paper, we 

consider the general weight 2-SFTFLP without any restriction on the weight vectors. Following the LP-rounding technique by 

Hajiaghayi et al. [19] , we present a deterministic LP-rounding 5-approximation algorithm. Using a standard randomization 

rounding technique (cf. [1] ), we further offer an improved randomized LP-rounding 3.8617-approximation algorithm along 

with the corresponding derandomized version with the same approximation ratio. During the design and analysis for our 

algorithms, we carefully exploit the combined stochastic and fault-tolerant structure to obtain the desired results. 

The rest of this paper is organized as followed. In Section 2 , we describe the formulation for the 2-SFTFLP and the cor- 

responding LP relaxation. In Section 3 , we present a deterministic LP-rounding algorithm followed by 5 approximation ratio 

analysis. In Section 4 , we offer a randomized LP-rounding 3.8617-approximation algorithm along with the corresponding 

derandomized version. Some discussions are given in Section 5 . 

Throughout the remainder of this paper, we use [ l ] to denote the set { 1 , . . . , l} for any given positive integer l . 

2. Formulation 

In the 2-SFTFLP, we are given facility set F , client set C , and K scenarios 1 , 2 , . . . , K, together with the corresponding 

clients set C 1 , C 2 , . . . , C K ⊆ C and probability distributions p k ( k ∈ [ K ]) with 

∑ 

k ∈ [ K] p k = 1 . The open cost of facility i ∈ F in the 

first stage is f 0 
i 

. The open cost of facility i ∈ F in the second stage of scenario k is f k 
i 

( k ∈ [ K ]). Each client j ∈ C k has an 

integer connection requirement r k 
j 
≤ n := | F | . Each client j ∈ C k has a nonnegative weight vector w 

k 
j 
= { w 

k (1) 
j 

, . . . , w 

k (r k 
j 
) 

j 
} . 

Suppose that we are given a feasible solution consisting of a facility subset F 0 which is opened in the first stage, a facility 

subset F k which is disjoint with F 0 and opened in the second stage of scenario k for each k ∈ [ K ]. The service cost for each 

client j ∈ C k is calculated as follows. Sort all the facilities in F 0 ∪ F k according to the nondecreasing order of their distance to 

j and denote F 0 ∪ F k as { i 1 , i 2 , . . . , i h } with h = | F 0 ∪ F k | . The service cost of j ∈ C k is 
∑ 

t∈ [ r k 
j 
] 
w 

k (t) 
j 

d (i t , j ) . We define the open 

cost and service cost for each scenario k ∈ [ K ] as follows, 

cost k := 

∑ 

i ∈ F k 
f k i + 

∑ 

j∈ C k 

∑ 

t∈ [ r k 
j 
] 

w 

k (t) 
j 

d (i t , j ) . 

The objective is to find K + 1 facility subsets F 0 , F 1 , . . . , F K ⊆ F such that the total cost including the open cost of F 0 and the 

expectation of summation of the open cost and service cost over all scenarios, i.e., ∑ 

i ∈ F 0 
f 0 i + 

∑ 

k ∈ [ K] 

p k · cost k 

is minimized. 

Without loss of generality, we assume that only one entry of the vector w 

k 
( j,k ) 

is nonzero for each j ∈ C k and k ∈ [ K ]. In 

fact, we create r k 
j 

copies for each j ∈ C k and k ∈ [ K ] with the first copy associated with the weight vector { w 

k (1) 
j 

, 0 , . . . , 0 } , ..., 
and the r k 

j 
th copy associated with the weight vector { 0 , . . . , 0 , w 

k (r k 
j 
) 

j 
} . One can prove that this instance is equivalent to the 

original one. We refer to [19] for the similar discussion on this equivalence. 

We use π ( j, k, t ) to denote the facility in F which is the one that is t th closest to j ∈ C k for each k ∈ [ K ]. Let N( j, k, t) := 

{ π( j, k, 1) , . . . , π( j, k, t) } and c k 
jt 

:= d( j, π( j, k, t)) . Let c k 
j0 

:= 0 and c k 
j(n +1) 

:= c k 
jn 

for all k ∈ [ K ] and j ∈ C k . We use indicator 

variable z k 
jt 

to denote the event whether client j ∈ C k is satisfied by N ( j, k, t ), i.e., at least r k 
j 

facilities among N ( j, k, t ) are 

opened. We further introduce binary decision variables x and y as follows. Let x 0 k 
i j 

(or x kk 
i j 

) denote whether client j ∈ C k is 

served by facility i in the first stage (or in the second stage of scenario k ). Let y 0 
i 

(or y k 
i 

) denote whether a facility i is 

opened in the first stage (or in the second stage of scenario k ). 
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