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applied for solving multi-order fractional differential equations, Abel’s integral equations
and nonlinear integro-differential equations. This technique is a successful method
because of reducing such problems to solve a system of algebraic equations; so, the
problem can be solved directly. The advantage of this method is low cost of setting up
the equations. Illustrative examples demonstrate accuracy and efficiency of the method.
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1. Introduction

In recent years a lot of attention has been devoted to study the fractional calculus. The reason is that physical phenomena
which dependence on the time instant and on the previous time history can be provided more accurate models by using frac-
tional calculus [1-4]. Most of these equations cannot be solved analytically; therefore, we have to use numerical techniques.
Some of these numerical methods are He’s variational iteration method [5], homotopy perturbation method [6], fractional
transform method [7], collocation method [8], Taylor expansion method [9], Chebyshev wavelet method [10] and Cas wave-
let method [11].

For differential and integral equations of integer order, the orthogonal functions have been applied for solving various
problems numerically. Some examples are block pulse functions (BPFs) [12,13], triangular functions (TFs) [14-16], Legender
polynomials [17,18] and Haar wavelets [19]. By using truncated orthogonal series and their operational matrices the prob-
lem reduces to a system of algebraic equations; thus, we can solve the problem by iteration methods.

In the present paper we construct operational matrix of triangular functions for fractional integration to solve fractional
multi-order differential equations, nonlinear integro-differential equations of fractional order and Abel’s integral equations.
TFs are proposed by Deb et al. [20,21]. They established that TF technique is more accurate than block pulse technique. The
advantage of TF is that TF representation dose not need any integration to evaluate the coefficients, thus reducing a lot of
computational cost.

The paper is ordered as follows:
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In Section 2, a brief review of the TFs and fractional calculus is presented. In Section 3, operational matrices of TFs for
fractional integration are derived. Sections 4 and 5 are devoted to the formulation of multi-order fractional differential equa-
tions, integro-differential equations of fractional order and Abel’s integral equations. In Section 6, convergence analysis is
discussed. Some numerical examples are provided in Section 7. Finally, Section 8 gives a brief conclusion.

2. Basic definitions
2.1. Fractional calculus
In this section, we give some definitions and properties of fractional calculus theory.

Definition 2.1. Let f € L;, o € R,. The Riemman-Liouville fractional integral of f of order « is defined as

PE) = s

't -1
@ /0 (t—s)""f(s)ds, o>0,t>0.

Definition 2.2. The Caputo fractional derivative is given by

D* "Mt n—1<a<n,
D) = { S0
i LF(L). o=n.
Some properties of the fractional operator are mentioned from [22]
(1) D*xF = {%X” b= [a],
0, B < [a].
(2) D°If(t) = f(¢),

(
(3) 'Df(
t

0 =f(6) - S fO0)8, t>0, n-1<a<n
(4) I'Pf () = P,
(5) FIf(t) = T

2.2. TFs and their properties

Two m-set TFs presented by Deb et al. [21] are defined over the interval [0,T) as follows

S EET RN ERl
R N elsewhere,

T2:(0) = 4 ith<t<(i+1)h,
0  elsewhere,

where,i=0,....m—1,and h=L
For the whole set of BPFs, ¢;(t), we have

¢i(t) = T1(t) + T2i(t),
where,

(1 dh<t<(i+Dh,
9ill) = {0 elsewhere,

TFs, are disjoint, orthogonal, and complete [14].
Now, we define m-set TF vectors as

T1(t) = [T1o(t), ..., T1uy (0], T2(t) = [T20(t), ..., T2m_1(t)]",
and
T(t) = [T1(t), T2(t)]".
In general, a square integrable function f(t) may be expanded into an m-set TF series as:
f(t)y ~f(t) = F1'T1(t) + F2"T2(t) = F'T(t), te[0,T), 1)

where, F1; = f(ih) and F2; = f((i+ 1)h) fori = 0,...,m — 1. The vectors F1 and F2 are called the 1D-TF coefficient vectors and
2m-vector F is defined as:
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