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water loss Kim et al. (2008) [1]. This inverse problem is rephrased into an optimization
one: An energy-like error functional is introduced. We prove that the optimality condition
of the first order is equivalent to solving an interfacial equation which turns out to be a
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Cauchy-Steklov-Poincaré operator. Numerical trials highlight the efficiency of the method.
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1. Introduction

Let Q cR%, d = 2,3, be a bounded domain with a smooth boundary I' = 9Q. We assume that I" is partitioned into two

parts I, and I'; having both non-vanishing measure.
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In this work we are interested in a data completion problem related to the Stokes system. It consists in recovering the
data on the incomplete (inaccessible,...) boundary I'; from the over-specified data on the accessible boundary I',. As appli-
cation of this problem is the leaks detection which can be useful for the losses of water [1].

Assume a given velocity U and a force F on I', the data completion problem for the Stokes operator can be formulated as a
Cauchy problem type: find the velocity field u and the pressure p solution to

—VAu+Vp=0 in Q,

Vu=0 in Q,

_ (1)
u=U on Iy,
ou).n=F on Iy,

where v is the fluid kinematic viscosity and ¢ is the stress tensor ¢(u) = 2vD(u) — pl, D(u) denotes the deformation tensor
D(u) = 1/2(Vu + VuT), I is the d x d identity matrix and n is the unit outward normal vector. This problem is known since
Hadamard to be ill-posed in the sense that the dependence of (u, p) on the data (U, F) is not continuous. In order to reconstruct
the unknown boundary data U, and a(u)in“_i on I'; we will use the Steklov-Poincaré operator (see [2] or [3] or [4] for the
Laplace equation). The inverse problem is formulated as an optimization one, the first optimality condition gives rise to an
interfacial equation involving the Dirichlet-to-Neumann operator. There is very little litterature dealing with the Stokes-
Cauchy problems. We would like to mention the work [5] where the data recovering process reads as a least square tracking
of the given data. We will also refer to the alternating iterative algorithm in [6,7] for elliptic equations and in [8-12] for the
stationary Stokes system. This paper is outlined as follows: The next Section is devoted to the formulation of the Cauchy prob-
lem for the Stokes system. The compatibility data notion is discussed. We recall that the set of compatible data is dense on
HY2(r))* x H(I',)". An energy-like error functional is introduced in the context of the ill-posed problem of recovering
boundary data. In Section 2.1, the data completion problem is formulated as an optimization one. In Section 2.2, the first order
optimality condition is rephrased in terms of an interfacial problem using the Steklov-Poincaré operator [13,14]. The numer-
ical procedure for solving the Stokes—Cauchy problem is described in Section 3. The Kozlov-Maz'ya-Fomin algorithm (the
KMF algorithm) is adapted for the Stokes system in Section 4. Section 5 is devoted to some numerical illustrations to compare
the proposed method for the data recovering problem with the KMF algorithm. The closing section is devoted to comments.

2. Formulation of the problem

Let us consider the above Cauchy problem (1). Assume that the data (U, F) are “compatible”, i.e. that is this pair is indeed
the trace and stress tensors of a unique function (u, p). Extending the data means finding (V, G) such that:
—VAu+Vp=0 in Q,
Vu=0 in Q,
u=Uo(u).n=F on Iy,
u=V,ou)n=0G on [;.

(2)

The question is to reconstruct numerically the pair (V, G), on the inaccessible boundary I';. However, all the results stated are
also true in the case of less smooth boundaries and when I', and I'; have contact points. It is proven in [3,15], for the Laplace
equation, that the pairs of compatible data (U, F) are dense in H'?(I'y)? x H™'/?(I',)". In the following lemma we establish
that the same density result can be easily extended for the Stokes Cauchy problem.

Lemma 2.1. Let (U,F) be a given data.

1. For a fixed U in H'/2(I',)%, the set of data F for which there exists (u, p) in H'(Q)* x L*(Q), satisfying the Cauchy problem (1) is
everywhere dense in H™'/2(I',)".

2. For a fixed Fin H'2(I',)%, the set of data U for which there exists (u, p) in H'(Q)? x L*(Q), satisfying the Cauchy problem (1) is
everywhere dense in H'/?(I",)".

Proof. Let us prove the first assertion, the second one can be obtained by the same arguments. It is sufficient to prove the
result for U = 0. Let (u,p) be the solution to the problem:

—VAu+Vp=0 in Q,

Vu=0 in Q

' 3
u=20 on Iy, 3)
ou)n=F on I'.

Assume, now, that the first assertion fails. We denote by R the set of the compatible data F with the Dirichlet condition
U=0on Iy,

R={FeH"*(I,)" such that (0,F) isa compatible data},
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