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a b s t r a c t

The aim of this work is to present some cases of aggregation operators with intuitionistic
trapezoidal fuzzy numbers and study their desirable properties. First, some operational
laws of intuitionistic trapezoidal fuzzy numbers are introduced. Next, based on these oper-
ational laws, we develop some geometric aggregation operators for aggregating intuition-
istic trapezoidal fuzzy numbers. In particular, we present the intuitionistic trapezoidal
fuzzy weighted geometric (ITFWG) operator, the intuitionistic trapezoidal fuzzy ordered
weighted geometric (ITFOWG) operator, the induced intuitionistic trapezoidal fuzzy
ordered weighted geometric (I-ITFOWG) operator and the intuitionistic trapezoidal fuzzy
hybrid geometric (ITFHG) operator. It is worth noting that the aggregated value by using
these operators is also an intuitionistic trapezoidal fuzzy value. Then, an approach to multi-
ple attribute group decision making (MAGDM) problems with intuitionistic trapezoidal
fuzzy information is developed based on the ITFWG and the ITFHG operators. Finally, an
illustrative example is given to verify the developed approach and to demonstrate its prac-
ticality and effectiveness.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

Atanassov [1] introduced the concept of intuitionistic fuzzy set (IFS) characterized by a membership function and a non-
membership function, which is a generalization of the concept of fuzzy set [2]. The intuitionistic fuzzy set theory has been
applied to many different fields, such as decision making [3–11], supplier selection [12,13], investment option [14], and logic
programming [15,16]. But, most of these techniques use the minimum and maximum operations to carry the combination
process, which usually produces the consequent loss of information and hence a lack of precision in the final results. To over-
come this limitation, Xu [17] developed the intuitionistic fuzzy ordered weighted averaging (IFOWA) operator, and the intui-
tionistic fuzzy hybrid aggregation (IFHA) operator.

Recently, Shu et al. [18] gave the definition and operational laws of intuitionistic triangular fuzzy number. A prominent
characteristic of the intuitionistic triangular fuzzy set is that its domain is a consecutive set. Then the intuitionistic triangular
fuzzy set constitutes an extension of Atanassov’s fuzzy set intuitionistic fuzzy set (IFS) in which the domain is a discrete set.
Same authors had paid attention to the intuitionistic triangular fuzzy set. Wang [19] gave the definition of intuitionistic trap-
ezoidal fuzzy number and interval intuitionistic trapezoidal fuzzy number. Further, Wang and Zhang [20] developed the
Hamming distance of intuitionistic trapezoidal fuzzy numbers and the intuitionistic trapezoidal fuzzy weighted arithmetic
averaging (ITFWAA) operator. Wei [21] proposed some arithmetic aggregation operators including the intuitionistic
trapezoidal fuzzy ordered weighted averaging (ITFOWA) operator and the intuitionistic trapezoidal fuzzy hybrid aggregation
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(ITFHA) operator. But, the knowledge on the use of these aggregation operators for intuitionistic trapezoidal fuzzy numbers
is still quite limited. For example, we still will ask the following questions:

(1) If ~ai ¼ ð½ai; bi; ci; di�;l~ai
; v ~ai
Þ (i = 1,2, . . . ,n) is a collection of intuitionistic trapezoidal fuzzy numbers, is the aggregated

value by using these operators also an intuitionistic trapezoidal fuzzy number?
(2) Are there some new aggregation operators for aggregating intuitionistic trapezoidal fuzzy numbers?

The aim of this article is to develop some familiars of geometric aggregation operators with intuitionistic trapezoidal fuzzy
numbers including the intuitionistic trapezoidal fuzzy weighted geometric (ITFWG) operator, the intuitionistic trapezoidal
fuzzy ordered weighted geometric (ITFOWG) operator, the induced intuitionistic trapezoidal fuzzy ordered weighted geomet-
ric (I-ITFOWG) operator and the intuitionistic trapezoidal fuzzy hybrid geometric (ITFHG) operator. The novelty of these
aggregation operators is that the aggregated value by using these operators is also an intuitionistic trapezoidal fuzzy value.

In order to do that, this work is set out as follows. Section 2 briefly reviews some basic concepts and operation laws re-
lated to intuitionistic trapezoidal fuzzy numbers. Section 3 defines the concept of the ITFWG, the ITFOWG, the I-ITFOWG and
the ITFHG operators and studies their desirable properties. In Section 4, an ITFWG and ITFHG operators based approach to
multiple attribute group decision making (MAGDM) problems with intuitionistic trapezoidal fuzzy information is presented.
Section 5 provides an illustrative example. Finally, in Section 6 we draw our conclusions.

2. Preliminaries

We start this section by introducing some basic concepts related to intuitionistic trapezoidal fuzzy numbers, which will
be used throughout this paper.

Wang and Zhang [20] gave the definition of intuitionistic trapezoidal fuzzy number and some operational laws of intui-
tionistic trapezoidal fuzzy numbers as follows:

Definition 1 [20]. Let ~a is an intuitionistic trapezoidal fuzzy number, its membership function is:

l~aðxÞ ¼

x�a
b�a l~a; a 6 x < b;

l~a; b 6 x 6 c;
d�x
d�c l~a; c < x 6 d;

0; others

8>><>>: ð1Þ

its non-membership function is:

v ~aðxÞ ¼

b�xþv ~aðx�a1Þ
b�a ; a1 6 x < b;

v ~a; b 6 x 6 c;
x�cþv ~aðd1�xÞ

d1�c ; c < x 6 d1;

0; others;

8>>><>>>: ð2Þ

where 0 6 l~a 6 1; 0 6 v ~a 6 1; l~a þ v ~a 6 1; a; b; c; d 2 R. Then ~a ¼ hð½a; b; c; d�;l~aÞ; ð½a1; b; c; d1�; v ~aÞi is called an intuitionistic
trapezoidal fuzzy number. For convenience, let ~a ¼ ð½a; b; c; d�;l~a;v ~aÞ.

Definition 2 [20]. Let ~a1 ¼ ð½a1; b1; c1; d1�;l~a1
;v ~a1 Þ and ~a2 ¼ ð½a2; b2; c2; d2�;l~a2

;v ~a2 Þ be two intuitionistic trapezoidal fuzzy
numbers, and k P 0, then

(1) ~a1 � ~a2 ¼ ð½a1 þ a2; b1 þ b2; c1 þ c2; d1 þ d2�;l~a1
þ l~a2

� l~a1
l~a2

;v ~a1 v ~a2 Þ;
(2) ~a1 � ~a2 ¼ ð½a1a2; b1b2; c1c2; d1d2�;l~a1

l~a2
;v ~a1 þ v ~a2 � v ~a1 v ~a2 Þ;

(3) k~a ¼ ð½ka; kb; kc; kd�; 1� ð1� l~aÞ
k
;vk

~aÞ;
(4) ~ak ¼ ð½ak; bk

; ck; dk�;lk
~a;1� ð1� v ~aÞkÞ.

Definition 3 [20]. Let ~a1 ¼ ð½a1; b1; c1; d1�;l~a1
;v ~a1 Þ and ~a2 ¼ ð½a2; b2; c2; d2�;l~a2

;v ~a2 Þ be two intuitionistic trapezoidal fuzzy
numbers, and k P 0, then the normalized Hamming distance between ~a1 and ~a2 is defined as follows:

dð~a1; ~a2Þ ¼
1
8
ðjð1þ l~a1

� v ~a1
Þa1 � ð1þ l~a2

� v ~a2
Þa2j þ jð1þ l~a1

� v ~a1
Þb1 � ð1þ l~a2

� v ~a2
Þb2j þ jð1þ l~a1

� v ~a1
Þc1 � ð1þ l~a2

� v ~a2
Þc2j þ jð1þ l~a1

� v ~a1
Þd1 � ð1þ l~a2

� v ~a2
Þd2jÞ: ð3Þ

Definition 4 [22]. For a normalized intuitionistic trapezoidal fuzzy decision making matrix eR ¼ ð~rijÞm�n ¼ ð½aij; bij; cij; dij�;
lij;v ijÞm�n, where 0 6 aij 6 bij 6 cij 6 dij 6 1, 0 6 lij,vij 6 1, 0 6 lij + vij 6 1, the intuitionistic trapezoidal fuzzy positive ideal
solution and intuitionistic trapezoidal fuzzy negative ideal solution are defined as follows:
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