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LARGE TIME BEHAVIOR OF SOLUTIONS FOR THE

ATTRACTION-REPULSION KELLER-SEGEL SYSTEM WITH LARGE

INITIAL DATA

JIAO XU, ZHENGRONG LIU, AND SHIJIE SHI∗

Abstract. In this paper, we study the following attraction-repulsion Keller-Segel system




ut = ∆u−∇ · (χu∇v) +∇ · (ξu∇w), x ∈ Ω, t > 0,

vt = ∆v + αu− βv, x ∈ Ω, t > 0,

0 = ∆w + γu− δw, x ∈ Ω, t > 0,
∂u
∂ν

= ∂v
∂ν

= ∂w
∂ν

= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

in a bounded domain Ω ⊂ R2 with smooth boundary. The boundedness of solutions with
arbitrarily large initial data has been proved in the case of ξγ ≥ χα [8]. Under the additional
assumption ξγβ ≥ χαδ, we show that the global classical solution will converge to the unique
constant state (ū0,

α
β
ū0,

γ
δ
ū0) as t → +∞.

1. Introduction

Luca et al. [18] proposed the following attraction-repulsion Keller-Segel (ARKS) system



ut = ∆u−∇ · (χu∇v) +∇ · (ξu∇w), x ∈ Ω, t > 0,

τ1vt = ∆v + αu− βv, x ∈ Ω, t > 0,

τ2wt = ∆w + γu− δw, x ∈ Ω, t > 0,
∂u
∂ν = ∂v

∂ν = ∂w
∂ν = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), τ1v(x, 0) = τ1v0(x), τ2w(x, 0) = τ2w0(x), x ∈ Ω,

(1.1)

to describe the aggregation of Microglia in the central nervous system, where the parameters
χ, ξ, α, β, γ and δ are positive, Ω is a bounded domain in R2 with smooth boundary ∂Ω and ν
denotes the outward normal vector of ∂Ω. u(x, t) stands for the cell density, while v(x, t) and
w(x, t) denote the concentrations of the chemoattractant and the chemorepllent, respectively.
System (1.1) also was proposed in [19] to model the quorum sensing effect in chemotaxis.

In one dimension, the global existence of classical solutions, non-trivial stationary state, as-
ymptotic behavior and pattern formation of system (1.1) have been studied in [7, 16, 17]. In
two dimensions, when τ1 = τ2 = 1, it was shown in [21] that global classical solutions exist for
large data if β = δ and for small data if β 6= δ when ξγ ≥ χα (i.e. the repulsion dominates
over or cancels the attraction ). Subsequently, the global existence of large-data solutions was
extended to the case β 6= δ in [6, 15]. Moreover, it was shown that the global classical so-
lution will exponentially converge to the unique non-trivial constant state (ū0,

α
β ū0,

γ
δ ū0) with

ū0 =
1
|Ω|

∫
Ω u0 in [12, 13] if the cell mass is small or if the cell mass is large and ξγ

χα ≥ max{β
δ ,

δ
β}

[10]. If τ1 = τ2 = 0, it has been proven that system (1.1) has a unique classical solution with
uniform-in-time bound if ξγ ≥ χα (i.e. the repulsion dominates over or cancels the attraction)
in higher dimensions (n ≥ 2) [21]. If ξγ < χα (i.e. the attraction dominates over the repulsion),
it was shown that the solution of system (1.1) exists globally for the small initial mass and will
blow up in finite time if the initial mass is large in two dimensions [4, 11].
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