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1. Introduction

The Euler-Bernoulli beam equation is used to model bending vibration of many mechanical systems
from industry and engineering [1]. The need to control the dynamics of these systems has made analysis
and simulation of such systems an important research area. Vibration problems related to the static and
dynamic response of beams have been studied since the end of the 18th century, beginning with the work
of Stokes [2] and Aitken [3].

The first mathematical model corresponds to the following initial boundary value problem for a simply
supported dynamic Euler-Bernoulli beam under the moving load dynamic F(x,t):

px)ure + p(x)ur + (r(2) s )ee — (T (2)uz)e = F(x,1), (2,1) € (0,1) x (0,T),
U(Z,O) :uo( ) (IL’,O) U1 ( )a € (Oal)’ (1)
w(0,t) = uge (0,8) = u(l,t) = uze(I,¢) =0, t € (0, 7).
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The second mathematical model corresponds to the following initial boundary value problem for a
cantilever Euler-Bernoulli beam under the transfer shear force g(t) and a constant T, (0 < T, < 00):

p()ug + p(x)ug + (r(2)uee)ze — Trtize = 0, (x,t) € (0,1) x (0,T),
u(z,0) = w(x,0) =0, x € (0,1), (2)
u(0,t) = uz(0,1) = upe(1,t) =0, —(r(2)taw)al|,—, = 9(t), t € (0,T).

Although some a priori estimates for problem (1) are discussed in [4-6], to our knowledge, no systematic
research exists addressing the systematic study of weak and regular weak solutions of problems (1) and (2).
Due to the limited scope of this paper, here only these problems are analyzed. We hope that our paper can
motivate further study in this direction.

The paper is organized as follows. A priori estimates for problems (1) and (2) are discussed in Sections 2
and 3, respectively. Some concluding remarks are given in Section 4.

2. Estimates for the weak and regular weak solutions of (1)

We assume that functions p(x), r(z), p(x), Tr(x), uo(z), ui(x) and g(t) satisfy the following conditions:

p(@),(x), n(x), To(x) € L(0,1), g(t) € H'(0,T), g(0) =0,
U(](x) € H (0’1)7 (x) € L2(Ovl)a F(-Tvt) € L2(07T;L2(07Z))7
0<po<p(z)<p1, 0<rg<r(z)<r,

0< Ho S ,LL(I') < M1, 0 < TT‘O § Tr(x) § Trl-

(3)

It can be proved that under these conditions there exists a unique weak solution of problem (1) defined as
u € L%0,T;V(0,1)), uy € L*(0,T; L*(0,1)), wy € L2(0,T; H2(0,1)), where V(0,1) == {v € H?(0,1) : v(0) =
v(l) = 0} for problem (1) and V(0,1) := {v € H?(0,1) : v(0) = v'(0) = 0} for problem (2), respectively. This
weak solution also belongs to C([0,T]; H*(0,1)), as it follows from Theorem 4, Ch. 5 of [6].

Theorem 1. Let conditions (3) hold. Then for the weak solution of problem (1) the following estimates
hold:

||Ut||2L2(o,T; L2(0,0) = {HF||%2(0,T;L2(0,1)) + QEO} [exp(T'/po) — 1], (4)
[wazllLoo 0,1 L2(0,0)) < ot [||F||2L2(0,T;L2(o,l)) + 2E0} exp(T'/po), (5)
where
1/ 2 2
Eo =3 / (@)t (@) + (@) (2))* + T (@) (u ()] da (6)

Proof. Multiply both sides of Eq. (1) by u:(z,t), use the identity

(7(2) )zttt = [(7(2) U )2t — 7(T) Uz Uat] o + %r(z) (uix)tv (7)

integrate over {2 := (0,1) x (0,¢) and apply the integration by parts formula. Taking into account the initial
and boundary conditions in (1) we obtain the following energy identity:

l t ol t ol
% / [p(x)ui + r(z)ul, + T (z)ul] do + / / p(z)utdrdr = / / F(z,7)u,dxdr + Ey, (8)
0 0 Jo 0 Jo

for a.e. t € [0, T], where Ey > 0 is defined by (6). Using the inequality 2ab < a?+b? in the first right-hand-side
integral of (8) we deduce that

!
/ x<—// dede—i——// a:dedT—l——Eo,tE[OT]
0
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