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Solving fourth order differential equations using particular

solutions of Helmholtz-type equations

Wanru Chang ∗, C.S. Chen †, Wen Li‡, §

Abstract

The availability of the closed-form particular solution for a given differential equation
based on a chosen basis function is crucial for solving partial differential equations using the
method of particular solutions. In general, the derivation of such a closed-form particular
solution is by no means trivial, particularly for higher order partial differential equations. In
this paper we give a simple algebraic procedure to avoid the direct derivation of the closed-
form particular solutions for fourth order partial differential equations. One numerical
example is given to demonstrate the effectiveness of our proposed approach.
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1 Introduction

The method of particular solutions (MPS) was initially established as a radial basis functions
(RBFs) collocation method [1]. To effectively implement the MPS, a closed-form particular
solution for the given differential operator is crucial. Despite its attractive features, the MPS
has encountered a major challenge in deriving the closed-form particular solution using RBFs.
The closed-form particular solutions are only available for symmetric differential operators such
as Laplacian, Helmholtz-type operators, etc. [5, 9, 11]. For higher order partial differential
operators, the complexity of such tasks is even more pronounced. In [11], the whole article
is devoted to the derivation of the closed-form particular solution for the differential operator
∆2 ± λ2 using polyharmonic splines basis functions in 2D and 3D. The resultant closed-form
particular solution is quite elegant but requires a great deal of effort to obtain such closed-form
particular solution.

In recent years, instead of RBFs, the MPS has extended to polynomial basis functions [2]
where the closed-form particular solutions for all linear second order differential operators have
become available. In the solution process, the particular solutions need to be generated using
symbolic differential toolbox and then pre-stored in a table for later use. For high order of partial
differential operators, the generation of the closed-form particular solution can be lengthy. In
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