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TWO METHODS OF SURFACE TENSION TREATMENT IN FREE
SURFACE FLOW SIMULATIONS ∗

KIRILL D. NIKITIN† , KIRILL M. TEREKHOV‡ , AND YURI V. VASSILEVSKI§

Abstract. We describe our approach to treatment of surface tension in free surface flow sim-
ulations on adaptive octree-type grids. The approach is based on the semi-Lagrangian method for
the transport and momentum equations and the pressure projection method to enforce the incom-
pressibility constrain. The surface tension contributes to the Dirichlet boundary condition for the
pressure equation at the projection step [18]. The treatment of surface tension is based either on
accurate finite difference calculation of the mean curvature or on a curvature estimation by the im-
plicit solution of conservative mean curvature flow problem [19]. The first method provides almost
the second order accuracy in space for surface tension forces. The second method is characterised by
greater stability and essentially larger time steps. Numerical experiments illustrate the main features
of the methods.
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1. Introduction. Accurate numerical treatment of surface tension remains the
challenge for many years since it requires accurate evaluation of the free surface cur-
vature. The accuracy of the numerical free surface approximation depends on the
accuracy of numerical treatment of both viscous incompressible fluid flow and trans-
port of the free surface. The height function method [15] was suggested for an accurate
estimation of the curvature. According to Popinet [16], although high-order curvature
estimation schemes have been introduced, the overall splitting schemes, present in the
literature, are still formally first-order accurate.

Our splitting method involves accurate approximations of transport, eikonal, mo-
mentum, Poisson equations, as well as the second-order method for estimation of the
free surface curvature. The numerically observed convergence rate of the resulting
method demonstrates almost the second order. The momentum equation is solved
with a novel combination of BDF2 (backward difference formula) and MacCormack
predictor-corrector schemes. Advective terms within the scheme are treated with the
semi-Lagrangian approach. Incompressibility condition is enforced with the projection
method. The surface tension contributes to the Dirichlet boundary condition for the
pressure equation at the projection step [18]. We consider the treatment of the surface
tension by two methods: accurate finite difference calculation of the mean curvature,
and curvature estimation by the implicit solution of a conservative mean curvature
flow problem [19]. The first method provides almost the second order accuracy in
space for surface tension forces. The second method allows us to relax considerably
the time step restriction imposed by implicit and semi-implicit approaches [16].

The paper is organized as follows. Section 1 reviews the mathematical model and
outlines the numerical methods used for the free surface flow modelling. Section 2
introduces two approaches for the accurate numerical treatment of the surface cur-
vature. Section 3 presents the results of numerical experiments with an oscillating
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