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Abstract

We study, for the first time in the literature on the subject, the Cauchy problem for a semilinear fractional elliptic
equation. Under ana priori assumption on the solution, we propose the Fourier truncation method for stabilizing the
ill-posed problem. A stability estimate of logarithmic type is established.
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1. Introduction

Fractional differential equations arise in many fields of science and engineering [11], and most of the previous
studies have been devoted to fractional diffusion and wave equations [3, 10, 13]. More recently fractional elliptic
equations have become the point of interest of some distinguished studies [1, 2, 6]and the present paper is aimed to
contribute towards broadening the overall understanding of inverse problems associated to equations of this type. In
this paper, we consider the boundary value problem for the semilinear fractional elliptic equation

∂αt u+ ∆u = F(x, t, u(x, t)), (x, t) ∈ Ω × (0,T) =: QT , (1.1)

with the following boundary conditions:



u(x, t) = 0, (x, t) ∈ ∂Ω × (0,T),
u(x, 0) = f (x), x ∈ Ω,
ut(x, 0) = g(x), x ∈ Ω,

(1.2)

whereΩ ⊂ Rd (d = 1, 2, 3) is a bounded domain with a smooth boundary∂Ω, andT > 0 is a given number. In (1.1),
α ∈ (1, 2) is the fractional order and∂αt denotes the Caputo fractional derivative with respect tot, (see [9, 12]),

∂αt u(x, t) :=
1

Γ(2− α)

∫ t

0
(t − s)1−α ∂

2u
∂s2

(x, s)ds, (x, t) ∈ QT ,

whereΓ is the Gamma function. We note that a modified equation to (1.1) as

∂αt u− ∆u = F(x, t, u(x, t)), (x, t) ∈ QT , (1.3)

called a semilinear fractional wave equation, subject to the conditions (1.2) has been studied in [9].
In the caseα ց 1, the problem (1.1) becomes an ill-posed backward problem for the parabolic heat equation

[14], whilst in the case ofα ր 2, the problem (1.1) becomes a classical elliptic inverse problem (called the Cauchy
problem for the Laplace equation), [7]. It is well-known that this latter problem is ill-posed in the sense of Hadarmard
and regularization results have been obtained in [15]. A natural question is whether the Cauchy problem for the
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