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a b s t r a c t

This paper is concerned with the nonlinear Dirac–Poisson system⎧⎪⎨⎪⎩−i

3∑
k=1

αk∂ku + (V (x) + a)βu + ωu − ϕu = Fu(x, u),

−∆ϕ = 4π|u|2,

in R3

where V is an external potential and F is a superlinear nonlinearity modeling various
types of interactions. Existence and multiplicity of stationary solutions are obtained
for the system with periodicity condition via variational methods.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction and main result

We consider the following nonlinear Dirac–Maxwell system⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

iℏ∂tψ =
3∑

k=1
αk(−icℏ∂k +Ak)ψ +mc2βψ −A0ψ,

∂tA0 +
3∑

k=1
∂kAk = 0, ∂2

tA0 − ∆A0 = 4π|ψ|2,

∂2
tAk − ∆Ak = 4π(αkψ)ψ̄, k = 1, 2, 3,

in R × R3 (1.1)
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where ∂k = ∂
∂xk

, ψ(t, x) ∈ C4, c is the speed of light, m is the mass of the electron, ℏ is the Planck’s constant,
A := (A1, A2, A3) : R×R3 → R3 is the magnetic field, A0 : R×R3 → R is the electric field, and uv̄ denotes
the usual scalar product of u, v ∈ C4. Furthermore, α1, α2, α3 and β are the 4 × 4 complex matrices:

β =
(
I 0
0 −I

)
, αk =

(
0 σk

σk 0

)
, k = 1, 2, 3,

with

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

The Dirac–Maxwell system, which describes the interaction of a particle with its self-generated electromag-
netic field, plays an important role in quantum electrodynamics. Also it has been used as effective theories
in atomic, nuclear and gravitational physics (see [1]).

In this paper, we consider the electrostatic case, namely

A0 = ϕ(x), Ak = 0, k = 1, 2, 3, x ∈ R3,

and for standing wave function

ψ(t, x) = u(x)eiθt/ℏ, θ ∈ R, u : R3 → C4.

In the case of zero magnetic field (i.e. Ak = 0, k = 1, 2, 3) and non-trivial electric potential ϕ(x), the
Dirac–Maxwell system (1.1) has the form⎧⎪⎪⎨⎪⎪⎩

−i
3∑

k=1
αk∂ku+ aβu+ ωu− ϕu = 0,

−∆ϕ = 4π|u|2,

in R3 (1.2)

where a = mc/ℏ, ω = θ/cℏ. In [1], this system is called the Dirac–Poisson system.
When ϕ ≡ 0, there have been some works focused on existence of nontrivial solution, multiple solutions

and ground state solutions for system (1.2) and its variants by using various variational techniques. See for
example, [2–7] and the references therein.

When ϕ ̸= 0, system (1.2) is a nonlocal problem. As we know, for the autonomous system, Esteban
et al. [8] first studied the existence and multiplicity of stationary solutions by using variational methods.
After that, for the non-autonomous system of form⎧⎪⎪⎨⎪⎪⎩

−i
3∑

k=1
αk∂ku+ (V (x) + a)βu+ ωu− ϕu = Fu(x, u),

−∆ϕ = 4π|u|2.

in R3 (1.3)

Chen and Zheng [9] considered the non-periodic superlinear case with pure power nonlinearities, and the
existence of least energy stationary solutions was obtained. An asymptotically linear non-periodic problem
was considered in [7]. Recently, Zhang et al. [10,11] studied the existence of ground state solutions for
periodic asymptotically linear case.

Motivated by the above facts, in this paper we are concerned with system (1.3) with non-autonomous
superlinear nonlinearity and periodicity condition. To the best of our knowledge, it seems that there is
almost no work on the existence and multiplicity of solutions for this case up to now. The main aim of this
paper is to study the existence and multiplicity of solutions via variational methods. Before stating our main
result, we first make the following assumptions
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