Applied Mathematics Letters 40 (2015) 72-77

“% Applied
Mathematics
Letters

Contents lists available at ScienceDirect

Applied Mathematics Letters

journal homepage: www.elsevier.com/locate/aml S—

On periodic solutions of subquadratic second order @ CroseMark
. . %

non-autonomous Hamiltonian systems

Zhiyong Wang *, Jianzhong Xiao

Department of Mathematics, Nanjing University of Information Science & Technology, Nanjing 210044, Jiangsu,

People’s Republic of China

ARTICLE INFO ABSTRACT

Arfidf—’ history: In this paper, we are concerned with the existence of periodic solutions for second order

Received 9 August 2014 non-autonomous Hamiltonian systems under a new subquadratic growth condition. By us-

ggii“’ed inrevised form 24 September ing the minimax methods in critical point theory, an existence theorem is obtained, which

extends and improves some known results in the literature.

Accepted 24 September 2014 © 2014 Elsevier Ltd. All rights reserved.

Available online 5 October 2014

Keywords:

Periodic solution
Second order system
Subquadratic condition
Minimax methods

1. Introduction and main result

Consider the second order systems

—ii(t) = VF(t,u(t)) ae.t e[0,T], (1.1)
u(0) — u(T) = u(0) — u(T) = 0, :
where T > 0andF : [0, T] x RY — R satisfies the following assumption:

(A) F(t, x) is measurable in t for every x € R" and continuously differentiable in x for a.e. t € [0, T], and there exist
ae C(RT,RY),beL'(0, T; R") such that

[F(t, )| < a(|x])b(t), [VE(t, x)| < a(x])b(t)
forallx € RN and ae. t € [0, T].

It follows from assumption (A) that the corresponding function ¢ on HT] given by

1 T T
o) = —/ Iit(t)lzdt—f F(t, u(t))dt
2 0 0

is continuously differentiable and weakly lower semicontinuous on H;, where

H; == {u: [0, T] — R"|uis absolutely continuous, u(0) = u(T), it € L*(0, T; R™)}
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is a Hilbert space with the norm defined by

T T 1/2
lull = (/ lu(t)|*de +/ Iit(t)lzdt>
0 0

for each u € H;. Moreover,

T T
(@' (W), v) 2/ (il(t),i)(t))dt—/ (VE(t, u(t)), v(t))dt
0 0

forallu,v € H}. It is well known that the solutions of problem (1.1) correspond to the critical point of ¢.

Considerable attention has been paid to the periodic solutions of problem (1.1) in the past decades. We refer the reader to
[1-15] and the reference therein. Specially, in [1], Tang and Wu established the existence of periodic solutions for problem
(1.1) when potential F(t, x) was subquadratic. Concretely speaking, they obtained the following theorem:

Theorem A (Tang and Wu [1]). Suppose that F satisfies assumption (A) and the following conditions:
(51) Thereexists0 < u < 2, My > 0 such that
(VF(t,x),x) < uF(t,x)

forall x| > Mjandae.t € [0,T];
(S2) F(t,x) > 400 as |x| — +oo uniformly fora.e.t € [0, T].

Then problem (1.1) has at least one solution in H;.

In the present paper, we will further study the existence of periodic solutions for problem (1.1) under a new subquadratic
growth condition instead of (S;). For the sake of convenience, in the sequel, # will denote the space of continuous function
space such that, for any 6 € #, there exists constant M, > 0 such that

@i 0() >0 VteRT,
t
M, SE(s)
Now, we are ready to state our main result of this paper.

ds — +o0 ast — +oo.

(i)

Theorem 1.1. Assume that F satisfies assumption (A) and the following conditions:
(Hy) There exists 0(|x|) € # with0 < m < 2, M, > 0such that

1
(vF(t,X),X) S <2 - 7) F(t,X)
o(Ix])
forall |x| > My andae.t € [0, T];
(Hy) F(t,x) > 0as |x| — +oo uniformly fora.e.t € [0, T];
(H3) fOT %dt — 4o00as |x| = +oo.

Then problem (1.1) has at least one solution in HTl.

Remark 1.1. Put infiy>pm, m = k, where k is a constant, we see that

(a) Compared with Theorem 1.1, under the assumption (H,), if k > 0, then (H;) and (S;) are equivalent, however, (H;) is
weaker than (S;) when k = 0.

(b) Theorem 1.1 generalizes Theorem A even if k > 0. In fact, by (H,), when k > 0, (Hs3) is nothing but

(H}) fOT F(t,x)dt — 400 as |x| = 400,

while, (H,) and (H3) are much weaker than (S;).

(c) There are functions F(t, x) satisfying our Theorem 1.1 and not satisfying the results in [1-15]. For example, let

F(t,x) = k(r)ﬂ Y(t,x) € [0, T] x RY
’ In2 + [x]?)’ ’ ’ '
where
. 2mt
k(t) = {sm T te[0,T/2],
0, t e[T/2,T].

Setting 6 (|x|) = In(2 + |x|?), a straightforward computation shows that F satisfies the conditions (H;)-(H3) of Theorem 1.1,
but it does not satisfy the corresponding conditions of Theorem A.

The rest of this paper is organized as follows. In Section 2, we introduce some notations and present some preliminary
results that will be used for the proof of Theorem 1.1. In Section 3, we are devoted to prove our main result.
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