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a b s t r a c t

The analysis of large-scale structures subject to transient random loads, coherent in space and time, is a
classic problem encountered in earthquake and wind engineering. The simulation-based framework is
usually seen as the most convenient approach for both linear and nonlinear dynamics. However, the
generation of statistically consistent samples of an excitation field remains a heavy computational task. In
light of this, perturbation techniques are applied to develop and improve evolutionary spectral analysis.

Advantageously performed in a standard modal basis, this evolutionary spectral analysis for linear
structures requires the computation of the modal impulse response matrix. However, this matrix has no
general closed-form expression in the presence of modal coupling. We propose therefore to model it by
an asymptotic approximation, obtained by the inverse Fourier transform of an asymptotic expansion of
the modal transfer matrix of the structure. This latter expansion considers the modal coupling as a
perturbation of a main decoupled system. This strategy leads to an expansion known in a closed-form.
Finally, the semi-group property allows the use of an efficient recurrence relation to approximate the
modal evolutionary transfer matrix, i.e. the evolutionary extension of the transfer matrix.

The asymptotic expansion-based method and the recurrence relation are then applied to nonlinear
transient dynamics by using Gaussian equivalent linearization. This extension is formalized by a multiple
timescales approach, allowing to consider a linearized structure, namely a time variant system, as pie-
cewise linear time invariant depending on a statistical timescale. The proposed developments are finally
illustrated on realistic civil engineering applications.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. Context and methods

In civil engineering, structures are designed to resist random
loadings, such as wind forces or ground acceleration during
earthquakes. In some cases, these loadings are said to be nonsta-
tionary or transient, i.e. their statistical characteristics are time-
dependent. This property is well-known for earthquakes, as the
phenomenon is usually modeled by three phases: build-up, pla-
teau and decay. Moreover, it would be fallacious to limit wind
analysis to stationary processes. For example, in the case of
downbursts or thunderstorms, we indubitably need to take into
account the time evolution of the mean wind velocity and the

intensity of turbulence. In the context of risk analysis in civil en-
gineering, an adequate design requires to compute the time evo-
lution of the statistics of the structural response.

The development of suitable methods to perform transient
analysis has attracted the attention of the research community in
the last 30 years. For linear structures, an analytical approach
based on Duhamel's convolution [12], also called pseudo-excitation
approach [38], may be used, even though this method proves to be
exclusively efficient for systems in which the modal expansion is
capable of decoupling the dynamic equations. Actually, practi-
tioners and engineers consider Monte Carlo simulations as the
most convenient method to perform linear nonstationary analysis.
As to nonlinear structures, Proppe et al. [50] show that Monte
Carlo simulations [19,59] and the equivalent linearization [52] are
the only two feasible methods to perform stochastic analysis of
large-scale structures, especially in a nonstationary setting.

Other time domain methods have been developed for both
linear and nonlinear analyses. For instance, the concept of sto-
chastic integration scheme proposed by To [64,65] has been
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recently improved by Tootkaboni [66] and applied to linear sys-
tems subject to non-white excitations or to nonlinear systems by
considering them as piecewise linear. The question of nonsta-
tionary Gaussian equivalent linearization (GEL) has been also ad-
dressed interestingly by the team of Schuëller in [46,54,55], who
proposed a method based on the Karhunen–Loéve (K–L) expansion
of the excitation. Accordingly, the K–L expansion of the modal
state space vector of the structure is substituted into the linearized
equation of motion. The K–L decomposition can also be used when
measured data are available [60], even if they are often difficult to
obtain in wind and earthquake engineering. Following similar
ideas, stochastic averaging techniques have been used to de-
termine approximate closed-form expressions for some specific
problem, e.g. concerning the use of nonlinear viscous dampers
[67].

A main drawback of the simulation-based framework in risk
quantification is the difficulty to deal with large dimensional co-
herent excitation fields. In wind engineering, the forces due to
wind blowing on large structures are usually modeled as a spa-
tially coherent excitation field [61], i.e. a set of random processes
simultaneously depending on both time and space [25]. On the
other hand, for long structures subject to earthquake loads, the
ground accelerations measured at different supports are different,
but not statistically independent [35,72]. Actually, neglecting the
coherence within the field may lead to underestimation of the
structural response, while assuming fully correlated processes may
result in possible overestimation. In fact, the computational bur-
den inherent to these approaches is mainly associated with the
generation of consistent and accurate samples of the excitation
fields.

In earthquake or wind engineering, the coherence within the
loading can be adequately modeled by a full power spectral den-
sity (PSD) matrix. The coherence is a way to express the time
correlation in the frequency domain, a reason for trying to keep on
working in the frequency domain. In wind engineering, a spectral
approach is usually chosen to perform buffeting analysis, as ex-
plained for instance in [20,39]. For linear stationary problems, the
spectral approach is by far the most efficient one, since it just
consists in matrix multiplications performed for selected fre-
quencies and in an integration of these matrices over the fre-
quency domain. These operations are naturally preceded by a
modal projection. In this context, the spectral approach clearly
outscores the simulation-based framework in terms of accuracy
and efficiency. In many cases, consideration of the different
timescales of the excitation and of the response make this ap-
proach yet more efficient, even in case of slight structural non-
linearities [15].

This work aims at applying, in a nonstationary setting, the
spectral analysis to both linear and nonlinear structures in civil
engineering. Within this context, a specific family of transient
processes is considered: the evolutionary processes. Such an un-
steady process may be described by the PSD of an embedded sta-
tionary process and a modulation time window. Actually, the evo-
lutionary spectral (EvSp) analysis may be understood as a natural
extension of the spectral analysis, since the former approach
should necessarily tend to the latter one over large timescales,
provided the intensity envelope remains constant in time. The
evolutionary approach remains an elegant formulation of transient
phenomena, for which evolutionary models are available, as for
earthquakes or downbursts [68,33,10,11,56,73]. However, it re-
quires to work in both time and frequency domains, contrary to
the classical spectral analysis.

As source and ground, the stricto sensu EvSp analysis has been
formalized by Priestley [48,49]. The first pertinent applications are
due to Hammond for SDOF and MDOF systems [28,29]. Those
contributions are only focused on linear time-invariant (LTI)

systems. Although the spectral approach is recognized as the most
suitable method to analyze large-dimensional linear structures
subject to stationary loadings, the evolutionary spectral analysis
has not encountered a real enthusiasm in the fields of engineering
for some reasons explained hereinafter. Before, some mathema-
tical statements about evolutionary processes are presented.

1.2. Mathematical statements

On a probability space FΘ( ), , , the equation of motion of a n-
DOF nonlinear system is

¨ + ̇ + + ( ̇) = ( )My Cy Ky g y y f, , 1

where M, C and K are the n-dimensional mass, damping and
stiffness matrices of the system, respectively, θ Θ( ) × ↦+ tf , : n is
the vector of random exogenous Gaussian forces and the dot
symbol denotes the time derivative. The hypothesis of Gaussianity
is used throughout this work, since random loading processes can
often be described in this way in wind or earthquake engineering.
The vector θ Θ( ) × ↦+ ty , : n gathers the nodal displacements
expected to be non-Gaussian processes due to the nonlinear forces
in the vector function ( ̇) × ↦  g y y, : n n n. With this formalism,
the equation of motion is split into four contributions: inertial
forces, internal linear forces, internal nonlinear forces and exo-
genous random forces. Discarding the nonlinear forces ( ̇)g y y, in
(1) leads to a linear governing equation, referred to as the linear
subsystem in the sequel.

In Eq. (1), the components of ( )tf are supposed to be evolu-
tionary processes. These random processes belong to the family of
nonstationary processes, widely used in civil and mechanical en-
gineering. Formally, the spectral distribution of the nodal forces is
such that the vector of forces may be written in the form of a
Fourier–Stieltjes integral, like

∫ ω ω( ) = ( ) ˜( ) ( )
ιω


t e tf a f, d 2

t

with ι = −1 and ω( ) × ↦+ ×  ta , : n n being a diagonal matrix
gathering deterministic time windows (also called intensity func-
tions or time envelopes) and ω θ Θ˜( ) × ↦ f , : n being the vector of
spectral processes related to the embedded stationary processes.
This formulation is used by Priestley on the basis of the develop-
ments of Bartlett [2].

In a more particular case, but very often encountered in prac-
tice, all the stationary forces on a structure are modulated by the
same time window ω( )a t, . Most of the time, this assumption is
used in seismic engineering. In wind engineering, the use of a
matrix ω( )ta , allows to model wind direction evolution during
nonstationary storms.

Assuming ( )tf a zero-mean process, the time-dependent cov-
ariance function of ( )tf , noted Σ ( )tf , is given by

∫ ω ωΣ ( ) = ( ) ( )
t tS , d 3f f

with ω( ) × ↦+ ×  tS , : n n
f being the evolutionary PSD of ( )tf . The

hat used to denote evolutionary PSD stems from [39] to avoid any
possible confusion with the PSD of the embedded stationary
processes ω( )Sf . Assuming that ω˜( )f is a random process with or-

thogonal increments [25,39], ω( )tS ,f is

ω ω ω ω( ) = ( ) ( ) ( ) ( )t t tS a S a, , , . 4T
f f

This previous equation summarizes the general philosophy of
the evolutionary spectral representation: an embedded stationary
process mainly described by its cross-PSD matrix and a modula-
tion matrix introducing the time dependency in the problem. For
the sake of simplicity and clarity in the following developments,
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