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Abstract

A method for calculating the exact top event probability of a fault tree with priority AND gates and repeated basic events is proposed
when the minimal cut sets are given. A priority AND gate is an AND gate where the input events must occur in a prescribed order for the
occurrence of the output event. It is known that the top event probability of such a dynamic fault tree is obtained by converting the tree
into an equivalent Markov model. However, this method is not realistic for a complex system model because the number of states which
should be considered in the Markov analysis increases explosively as the number of basic events increases. To overcome the shortcomings
of the Markov model, we propose an alternative method to obtain the top event probability in this paper. We assume that the basic
events occur independently, exponentially distributed, and the component whose failure corresponds to the occurrence of the basic event
is non-repairable. First, we obtain the probability of occurrence of the output event of a single priority AND gate by Markov analysis.
Then, the top event probability is given by a cut set approach and the inclusion—exclusion formula. An efficient procedure to obtain the
probabilities corresponding to logical products in the inclusion—exclusion formula is proposed. The logical product which is composed of
two or more priority AND gates having at least one common basic event as their inputs is transformed into the sum of disjoint events
which are equivalent to a priority AND gate in the procedure. Numerical examples show that our method works well for complex
systems.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction output of the gate is true if both events A and B have
occurred and if event A occurred before event B. If both
events have not occurred or if event B occurred before
event A, then the gate does not fire. Fig. 2 shows an
example of a logic model for a non-repairable two unit
redundant system with a switch control. The standby
unit is instantaneously switched into operation upon
failure of the main unit. This system fails if the main and
standby units both fail or the switch control failed first
then the main unit fails. In the later case, the standby
unit cannot be in use because of the failure of the switch
control.

Markov analysis is an alternative modeling technique for
such dynamic systems [2-4]. The difficulty of the analysis
comes from the existence of repeated events. If none of the
input events of a PAG appear in other gates, the output
mpon ding author. probability of t.he ggte can .be de'rived by cqnstructing a
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The fault tree (FT) is used widely as a tool for
quantitative risk assessments. Although obtaining the
exact top event probability of an FT is one of the most
important aims, it is a difficult problem for a reasonably
large scale system with complex structure, such as a
chemical plant, a nuclear reactor, an airplane and so on.
The representative complex FT structures are caused by
several types of dynamic behaviors such as transient
recovery, intermittent error, and sequence dependency.
A priority AND gate (PAG) is a typical logic gate to
represent the order of dependency of the event sequence [1].
It is logically equivalent to an AND gate where input
events must occur in a prescribed order for the occurrence
of the output event. Fig. 1 shows a PAG. In Fig. 1, the
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Fig. 1. Priority AND gate.
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Fig. 2. Power supply system with standby unit.

input event, for example, the main unit failure in Fig. 2,
we have to construct a large dimensional Markov
transition diagram to obtain the top event probability.
The dimensionality usually increases up to the number
of the basic events. Therefore, the construction and
calculation of a Markov diagram is tedious and error
prone as the number of the basic events and/or the
number of the repeated events increases. For such a
complex system, one cannot get enough results with
the related methods based on modularization [3] or BDD
[4]. In fact, the well-known dynamic FT tool, Galileo [3],
does not support a PAG having repeated events. However,
it is considered that many FTs in the real world
system have PAGs with repeated basic event as shown in
Fig. 2. To overcome the shortcomings of the Markov
model, it is necessary to develop a new analytical model
that is flexible enough to capture the dynamic behaviors of
the system. Other methods proposed for the analysis of
dynamic FTs are a Bayesian network approach [5] and
Monte Carlo simulation [6]. However, the former has a
problem same as Markov analysis in complexity, the latter
requires more computational time to achieve the desired
accuracy.

The existence of repeated events makes analysis compli-
cated even for conventional static FTs. For the static trees
with repeated events, many researchers have proposed
efficient algorithms to obtain exact or approximate top
event probabilities [§]. The proposed methods are classified
roughly into two groups. One approach uses factoring

method [9,10] in order to eliminate the repeated events one
by one. However, it is generally difficult to apply this
approach to a dynamic FT. The conditional probabilities
that have to be obtained when the factoring method is
carried out cannot be readily obtained for a dynamic FT.
The other uses a Boolean function. In this approach, the
main effort is to find the structural representation of the
top event in terms of the basic events. Finding the minimal
cut sets is one way of accomplishing this step. Several
algorithms [7,11,12] to find minimal cut sets are proposed.
After all minimal cut sets are enumerated the inclusio-
n—exclusion method is used to calculate the exact top event
probability or its upper and lower bounds.

In this paper, we present a method for calculating the
exact top event probability for a large scale FT containing
many PAGs and repeated events when all the cut sets are
given. Some cut sets are quite different from the traditional
ones because these are the ordered cut sets where the basic
events in the cut set have to occur in a prescribed order for
the occurrence of the top event. The top event is
represented by the union of the cut sets and the exact top
event probability is given by the inclusion—exclusion
expression as in the case of an FT without PAGs. An
efficient procedure to obtain probabilities of logical
products in the inclusion—exclusion formula is proposed.
The logical product which is composed of two or more
PAGs having at least one common basic event as their
inputs is transformed into the sum of disjoint events which
are equivalent to PAGs in the procedure. The output
probability of the transformed PAG is given by Markov
analysis. Numerical examples show that our method works
well for complex systems such as a tree composed of 10 or
more PAGs where almost all the basic events appear
repeatedly.

2. Preparation
2.1. Acronyms and nomenclature

FT fault tree

PAG priority AND gate

Minimal cut set minimal set of basic events such that the
incidence of all the events in a set directly causes
the occurrence of the top event

Minimal ordered cut set minimal ordered set of basic
events such that all the basic events in the set have
to occur in a prescribed order for the occurrence of
top event

2.2. Assumptions

(1) A system is composed of non-repairable components
and does not have a cold standby component.

(2) The failure of a component which correspond to the
occurrence of the basic event is s-independent and has
an exponential failure time distribution.
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