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On dependent items in series in different environments
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a b s t r a c t

The Accelerated Life Model (ALM) and the proportional hazards (PH) model are very popular in

reliability theory and applications as tools for modeling an impact of another environment on reliability

characteristics of items defined for some baseline environment. These models were extensively studied

for single items or systems. However, generalizations of the ALM and the PH model to the case of

possibly dependent items were not considered in reliability literature as a tool for modeling the impact

of environment. In this note, we suggest and discuss possible approaches for defining bivariate ALM and

PH models and consider several examples.

& 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The Accelerated Life Model (ALM) and the proportional
hazards (PH) model are very popular in reliability theory and
applications as convenient tools for modeling, e.g., an impact of a
more severe environment on reliability characteristics of items
defined for some baseline environment. These models were
extensively studied in the literature for single items or systems
(see, e.g., Refs. [1–5] to name a few). Specifically, numerous
practical results dealing with statistical inference and accelerated
life testing were reported. However, generalizations of the ALM
and the PH model to the case of possibly dependent items, which
can be meaningful for reliability practice, are not trivial and
therefore, challenging. We feel that the as suggested in this note
new bivariate models have a potential for further development
and applications. In the current section, in view of further
generalizations, we first deal with the univariate case and discuss
some relevant basics [6].

Consider one degrading item which operates in a baseline
environment (regime) and denote the corresponding Cdf of time
to failure Tb by Fb(t). By ‘‘degrading’’ we mean that the failure
occurs due to some degradation processes, e.g., as a result of wear
accumulation. Let another statistically identical item described
by the lifetime Ts with the Cdf Fs(t) be operating in a more
severe environment. Assume for simplicity that environments are
not varying with time and that distributions are absolutely

continuous and denote by lb(t) and ls(t) the corresponding failure
rates. It is reasonable to assume that degradation in the second
regime is more intensive and therefore, the time for accumulating
the same amount of degradation or wear is smaller than in the
baseline one. Therefore, assume that the corresponding lifetimes
are ordered in terms of the (usual) stochastic ordering [7] as

SsðtÞ � FsðtÞrFbðtÞ � SbðtÞ, tAð0,1Þ: ð1Þ

This general relationship naturally models the impact of a
more severe environment as compared with the baseline one.
Note that, the corresponding failure rate ordering

lbðtÞrlsðtÞ, tAð0,1Þ, ð2Þ

which is also very popular in reliability applications, obviously, is
a more stronger one and, therefore, leads to (1).

Inequality (1) implies the following equation:

FsðtÞ ¼ FbðWðtÞÞ, Wð0Þ ¼ 0, tAð0,1Þ, ð3Þ

where the scale transformation function W(t)4t is strictly increas-
ing. This follows after applying the inverse function to both parts
of (3), i.e., WðtÞ ¼ F�1

b ðFsðtÞÞ and noting that the superposition of
two increasing functions is also increasing. Thus, Eq. (3) can be

interpreted as the general ALM [6,8] with the scale transformation
function W(t).

Remark 1. It should be noted that the ALM (3) in the described
context is a formal consequence of ordering (1), whereas in
reliability applications, only the specific linear case W(t)¼wt is
usually considered. However, this linear relationship and the ALM
defined via it can be justified at some instances by considering the
physics of failure and deterioration [9,10].
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The function W(t) is differentiable, therefore it can be inter-
preted as an additive (relative) degradation function:
WðtÞ ¼

R t
0 wðuÞdu, where w(t) in its turn can be interpreted as

the degradation rate [11,12]. Without losing generality, we
assume for convenience that in the baseline environment, the
degradation rate is equal to 1.

On the other hand, inequality (2) implies

lsðtÞ ¼ kðtÞlbðtÞ, tAð0,1Þ, ð4Þ

which is a time-dependent proportional hazards (PH) model.
Thus (3) and (4) formally define the two most popular patterns

for modeling the impact of environment on a single item. In
reliability practice, however, only linear W(t)¼wt or ls(t)¼klb(t),
k40, are usually employed, as the corresponding statistical
analysis can be effectively performed in this cases.

It follows from the exponential formula of reliability,
FðtÞ ¼ 1�expf�

R t
0 lðuÞdug that when the failure rates are given,

or estimated from the data, the ALM (3) can be viewed as an
equation for obtaining W(t) (uniquely):

Z t

0
lsðuÞdu¼

Z WðtÞ

0
lbðuÞdu: ð5Þ

Example 1. Let both failure rates be linear: lb(t)¼k1t, ls(t)¼k2t;
k24k1. It follows from (5) that WðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
k2=k1

p
t and we see that

the linear PH model corresponds to the linear ALM in this
specific case.

Our goal in this note is to generalize these models to the series
system of 2(n) possibly dependent items. In the next section, we
will briefly discuss the straightforward case of statistically inde-
pendent items and will continue with a non-trivial case of
statistically dependent items in Section 3. Finally, some com-
ments will be given in Section 4.

2. Independent items in series

Survival functions of a series system of n statistically inde-
pendent items (competing risks) under the baseline and a more
severe environment, in accordance with (3), are

FbðtÞ ¼
Yn

1

FbiðtÞ, FsðtÞ ¼
Yn

1

FbiðWiðtÞÞ, ð6Þ

respectively, where Wi(t) is the scale transformation function for
the ith item. Thus W(t)for the system can be obtained from the
following equation:

FbðWðtÞÞ ¼
Yn

1

FbiðWiðtÞÞ ð7Þ

or, equivalently, using relationships similar to (5):

Z WðtÞ

0

Xn

1

lbiðuÞdu¼
Xn

1

Z WiðtÞ

0
lbiðuÞdu: ð8Þ

Example 2. Finkelstein [6]. Let n¼2. Let W1(t)¼t, W2(t)¼2t,
which means that the first component is protected from the more
severe environment. Then Eq. (8) turns toZ WðtÞ

0
ðlb1ðuÞþlb2ðuÞÞdu¼

Z t

0
lbiðuÞduþ

Z 2t

0
lb2ðuÞu:

Assume further that the failure rates a linear lb1(t)¼l1t,
lb2(t)¼l2t, l1,l240. Then

WðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1þ4l2

l1þl2

s !
t

If the components are statistically identical in the baseline
environment (l1¼l2), then WðtÞ ¼

ffiffiffiffiffiffiffiffiffi
5=2

p
t� 1:6t.

For the PH model, due to independence, it obviously follows
from (4) that for each item

lsiðtÞ ¼ kiðtÞlbiðtÞ, tAð0,1Þ,

whereas for the series system, assuming the time-independent
impact of a more severe environment on the failure rates of items
in the baseline environment, we have

lsðtÞ ¼
Xn

1

kilbiðtÞ ð9Þ

3. Dependent items in series

3.1. Generalization of the univariate ALM

What happens when our items are statistically dependent? We
will consider for simplicity of notation the case of two compo-
nents, n¼2. Before generalizing ALM to this case, we first describe
the dependence of components via the concept of copula. A formal
definition and numerous properties of copulas can be found, e.g.,
in [13]. Copulas create a convenient way of representing multi-
variate distributions. In a way, they ‘separate’ marginal distribu-
tions from the dependence structure. It is more convenient for us
to consider the survival copulas based on marginal survival
functions [13]. In order to deal with the series system (competing
risks), we must first consider the general bivariate (n¼2) case. For
n42, the discussion is similar.

Let Tb1Z0, Tb2Z0 be the possibly dependent lifetimes of items
in the baseline environment and let

Fbðt1,t2Þ ¼ Pr½Tb1rt1, Tb2rt2�,

FbiðtiÞ ¼ Pr½Tbirti�, i¼ 1,2,

be the absolutely continuous bivariate and univariate (marginal)
Cdfs, respectively, in the baseline environment. The similar
notation with the sub index ‘‘s’’ is for the more severe environ-
ment. Denote the bivariate (joint) survival function by

Sbðt1,t2Þ � Pr½Tb14t1, Tb24t2� ¼ 1�Fb1ðt1Þ�Fb2ðt2ÞþFbðt1,t2Þ

ð10Þ

and the univariate (marginal) survival functions with the corre-
sponding failure rates lbi(ti), i¼1,2 by

Sb1ðt1Þ � Pr ½Tb14t1, Tb240� ¼ Pr½Tb14t1� ¼ Sbðt1, 0Þ,

Sb2ðt2Þ � Pr ½Tb140, Tb24t2� ¼ Pr½Tb24t2� ¼ Sbð0, t2Þ,

It is well-known [13] that the bivariate survival function
Sb(t1,t2) can be represented as a function of Sbi(ti), i¼1,2 in the
following way:

Sbðt1, t2Þ ¼ CðSb1ðt1Þ, Sb2ðt2ÞÞ, ð11Þ

where the survival copula C(u,v) is a bivariate function in
[0,1]� [0,1]. Note that, such a function always exists when the
inverse functions for Sbi(ti), i¼1, 2 exist:

Sbðt1, t2Þ ¼ SbðS
�1
b1 Sb1ðt1Þ, S�1

b1 Sb2ðt2ÞÞ ¼ CðSb1ðt1Þ, Sb2ðt2ÞÞ:
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