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a b s t r a c t

Motivated by the high efficiency and accuracy of nodal methods on the coarse meshes and the desire to
solve the large-scale coupled problems in pebble-bed high temperature gas cooled reactor (HTR), a gen-
eral nodal expansion method (GNEM) is successfully developed and extended to solve multi-dimensional
neutronics/thermal-hydraulic(N/TH) coupled problems in pebble-bed reactor core systems. The devel-
oped GNEM combines the respective advantages of traditional nodal expansion methods (NEM) and
modified nodal integral methods (MNIM). Specifically, the local analytical solutions of transverse integral
equations in MNIM are obtained with the basis function expansion framework and nodal balance equa-
tion in NEM. The unified discrete formulation is also developed so that it’s convenient for GNEM to solve
neutron diffusion equations, convention diffusion equations, pressure poisson equations, heat transfer
equations and porous media flow models in the pebble bed core systems. Then all the governing equa-
tions of the N/TH coupled problems can be discretized by the GNEM on the coarse meshes so that the
computational scale of coupled problems is greatly reduced for the desired precision. To achieve higher
accuracy for the coupled problems on the coarse meshes, the high-order information is successfully
transferred between the coupled terms by using GNEM. Finally, the coupled GNEM code is formally
developed for N/TH coupled problems in pebble-bed reactor core systems. Numerical results show that
the coupled GNEM code can track the reference solutions very well on the coarse meshes and show the
high-accuracy advantage and the potential of GNEM for complicated multi-dimensional N/TH coupled
problems. Further research is needed to add the coupled GNEM to the HTR analysis code-TINTE in order
to simultaneously and effectively solve multi-dimensional coupled problems for realistic HTR reactor
systems.

� 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The high temperature gas cooled reactor (HTR) power plant is a
large-scale and tight-coupled nonlinear system with multi-physics
and multi-loops, even with multiple nuclear steam supplying sys-
tem modules, which is a huge numerical challenge for high accu-
racy and efficiency (Wang, 2011). In addition, the current HTR
system and safety analysis codes normally use traditional finite
volume methods (FVM) and require the fine mesh size to achieve
the desired precision and the stable numerical solutions so that
the efficiency of these codes is limited for the large-scale coupled
problems (Cleveland and Greene, 1986). Therefore, some more

efficient numerical methods are urgently developed for compli-
cated HTR coupled problems.

The transverse-integrated nodal methods have been widely
used in reactor physics analysis for many years (Lawrence, 1986).
They can yield higher numerical accuracy and efficiency on the
coarse meshes compared with FVM and finite difference methods
(FDM) so that the discrete mesh number, computer storage and
computational cost can be greatly reduced for the desired preci-
sion. Because of the advantages of transverse-integrated nodal
methods, some of them have been extended to the thermal
hydraulic calculation. Nodal integral method (NIM) and modified
NIM (MNIM) have been developed to solve convection diffusion
equations, Burgers equations and Navier-Stokes equations and
it’s proved that MNIM is more accurate and efficient than the local
exact consistent upwind scheme of second order (LECUSSO)
(Michael and Dorning, 2001; Wang, 2005; Gunther, 1992).
Recently, the traditional nodal expansion method (NEM), a general
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NEM (GNEM) and a new nodal expansion method with high-order
moments (NEM_HM) have been developed and extended to solve
thermal hydraulic problems by our previous research and numer-
ical results show that GNEM and NEM_HM can agree well with the
reference solutions, especially for convection-dominated and
steep-gradient problems (Zhou et al., 2015, 2016a, 2016b). In addi-
tion, the nodal integral expansion method (NIEM) has been also
proposed to solve the convection-diffusion equation, but this
approach can be only applied for one-dimensional problems now
(Lee, 2011). However, the above-mentioned research on nodal
methods are mainly about reactor physics analysis or some ther-
mal hydraulic problems, respectively, the nodal methods for
neutronics/thermal-hydraulic (N/TH) coupled problems are rarely
involved and researched, so some key critical technologies need
to be explored.

Therefore, in view of the desire to solve the HTR coupled prob-
lems and the high efficiency and accuracy of nodal methods on the
coarse meshes, in this paper GNEM is successfully developed and
extended to solve more complicated multi-dimensional N/TH cou-
pled problems in pebble-bed reactor core systems. The unified dis-
crete formulation is developed for different governing equations of
coupled problems and the high-order information between the
coupled terms of different physical fields is successfully transferred
using GNEM. The N/TH coupled models are described and analyzed
in Section 2. The detailed derivation and some special treatments
are presented in Section 3. Some numerical results are shown
and discussed in Section 4. Finally, Section 5 gives a brief summary.

2. N/TH coupled models

In this paper the two-dimensional nonlinear N/TH coupled
problems in Cartesian geometry include neutron diffusion equa-
tions, solid heat transfer models, and mass, momentum and energy
equations for porous media models in the pebble-bed core system.
All the typical parameters and constitutive equations are chosen or
approximated from modular pebble-bed high temperature gas
cooled reactor. The specific formulations are presented as follows.

(1) Neutron diffusion equation:
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g0 , vg and keff are the diffusion coeffi-

cient, removal, scattering and fission cross-section, neutron fraction
and effective multiplication factor, respectively.

(2) Solid heat transfer equation:
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where Ts is the solid temperature at core reflector region. ks is the
thermal conductivity and Q the source term.

(3) Fluid flow equations for pebble-bed porous media model:
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where qf is the fluid (helium) density, gx and gy are the gravitational
accelerations in the different coordinate directions, lf is the fluid
viscosity coefficient and P is the pressure. U and V are the superfi-

cial velocities ð~Ve ¼ ½U;V �TÞ. Rx and Ry are the resistance terms for
pebble-bed porous media model in the coordinate x and y direc-

tions, ~R ¼ ½Rx;Ry�T , which are approximated by the Darcy’s law as
follows:

~R ¼ �K � ~Ve ð6Þ

K ¼ �k1 � jj~Vejj þ k2 ð7Þ
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where d is the diameter of fuel sphere and e is the porosity. Re is the

Reynolds number ðRe ¼ qf jj~Vejjd=gf Þ and gf is the dynamic viscos-
ity. When the resistance terms satisfy the following expression,

jj~Rjj � L
q~V � ~V

� 1 ð12Þ

where ~V and L are the characteristic velocity and length, respec-
tively. The influence of convection and diffusion terms can be
ignored compared with that of the greater resistance terms. The ref-

erence du Toit et al. (2006) presents jj~Rjj � L=ðq~V � ~VÞ ¼ 1470 � 1 for
HTR pebble-bed core.

(4) Fluid and pebble-bed heat transfer equations:
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where Tf and Ts are the fluid and pebble-bed temperature, respec-
tively. a is the heat transfer coefficient between the fluid and
pebble-bed. cpf , kfeff and kseff are the specific heat at constant pres-
sure, effective fluid thermal conductivity and effective thermal con-
ductivity for pebble-bed core. Qfiss is the thermal source from
neutron fission energy.

All the above-mentioned parameters and variables are coupled
between each other, which forms a complicated, multi-
dimensional, nonlinear coupled N/TH coupled problem.

3. GNEM formulations for multi-dimensional coupled models

Through preliminary analysis, the aforementioned neutron dif-
fusion equations, convention diffusion equations, solid and fluid
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