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a b s t r a c t

In this article, we present an approach based on induced censoring for improving the estimation of
critical lower percentiles. We validate this technique via simulation results and practical industrial
insights. Data from product components that have at least two aging periods (e.g., bathtub failure rate) is
investigated. When such data are improperly fit by certain reliability distributions, estimates of lower
percentiles are impacted by longer-lasting failures, resulting in larger root mean square errors (RMSE)
and bias. In lieu of utilizing a more complex bathtub model, we propose induced right censoring of data
at various points to substantially reduce RMSE and bias of lower percentile estimates. A technique for
finding optimal or near optimal censoring points is discussed and two real world examples illustrate how
this works in practice.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

As product complexity increases, customers require reassur-
ance that products will perform adequately over time [1]. For such
customer concerns, warranty issues, specification improvements,
and/or liability, practitioners often need to know when to expect
early product failures to occur by estimating critical lower per-
centiles. Reliability studies (or life tests) are conducted by placing
samples of products on test and measuring the time (or strength)
to failure for each unit, often under accelerated life tests (ALT). See,
for example, [2] for details. Determining product reliability via
ALTs can be costly. However, inadequate product reliability can
result in even greater costs [3]. The Weibull distribution, among
others, plays an important role in the modeling of ALT's (and other
settings, such as strength until failure). Indeed, the researcher
Weibull himself studied such data and subsequently developed
the distribution that carries his namesake (see [4,5]). Compare also
[6,7]. The probability density function of the Weibull distribution
is given by

f ðtÞ ¼ β

η

t
η

� �β�1

e�ðt=ηÞβ ; ð1Þ

where tZ0, β40 is the shape parameter, and η40 is the scale
parameter.

Recall that the cumulative distribution function (cdf) gives the
probability that a unit will fail before time t. In reliability studies,
the derivation of the cdf is often determined through the use of
the hazard function (or failure rate), hðtÞ ¼ f ðtÞ=SðtÞ; where the
denominator SðtÞ is the survival function (see the Appendix for
more details). For the Weibull distribution, hðtÞ is a decreasing
function for 0oβo1 and increasing for β41: In many applica-
tions, the hazard function consists of two or three intervals. The
first time interval consists of early failures (infant mortality) with a
decreasing hazard rate. During the second stage of usable life of a
product, components will often fail at an approximately constant
rate. Many integrated circuits have only these first two aging
stages during screening, etc. Other components (e.g., those subject
to loads) that are still in use by the end of the usable life interval
will begin to wear out, and the rate of failures will increase again.
This type of hazard function with all three aging stages is well
known as the bathtub curve (see Fig. 1).

The flexibility of the Weibull distribution has allowed for it to
be used to model any of the parts of the bathtub curve. However, a
single Weibull model cannot be used to model all three phases of a
bathtub curve at the same time. As a result, alternative modeling
approaches for bathtub-shaped failure rates, based on general-
izations of standard distributions, have been proposed. For
instance, Hjorth [8] proposed the bathtub-shaped hazard rate
function, hðtÞ ¼ αð1þβtÞ�1þ2γt; 0rγrαβ=2, which is based
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on the generalized Rayleigh family. Although it possesses a rather
complex hazard function, Mudolkar and Srivastava [9] suggested
the exponentiated Weibull distribution with cdf FðtÞ ¼ ð1�
exp½�ðλtÞβ�Þν to model bathtub-shaped failure data. For other
proposed bathtub-shaped failure rate models, see [10–12], among
others.

As stressed by [13], however, models for bathtub-shaped failure
rates such as those mentioned above are often not practical for use
by reliability engineers. As a consequence, [13] suggests using an
additive (piecewise) Weibull model. In this case, the failure rate
function is expressed as the sum of two failure rate functions of
the Weibull form. That is,

hðtÞ ¼ acðatÞb�1þcdðctÞd�1 ð2Þ
with parameters a; cZ0; b41; do1: This approach offers a
practical advantage to the aforementioned failure rate models
given the simplicity of combining two Weibull distributions. See
also [14,15] for other examples of additive models for bathtub-
shaped failure rates.

The use of models such as those described previously for
bathtub-shaped failure rates may indeed be necessary when the
complete life cycle of a system is to be modeled. In practice (e.g., in
real time manufacturing settings), however, one might consider
only a portion of the bathtub curve to be relevant when interest
lies with just a part of the lifetime (e.g., when considering early
failure warranties). Such is the focus of this paper. In particular,
this article will investigate the practice of induced right censoring
of reliability data in order to reduce the effect of the long-term
failure mechanism on estimates of critical lower percentiles. That
is, if the problem of interest is the estimation of lower percentiles
(e.g., 1st, 5th and 10th), this paper proposes to transform larger
failure times into right-censored observations and subsequently fit
a simple lifetime distribution to this transformed dataset. Doing so
offers a practical alternative to the fitting of complex models with
bathtub-shaped failure rates. Simulation results reveal practical
improvements due to this technique as the lower tail of the data is
more heavily weighted.

The rest of our paper is organized as follows. In Section 2, we
describe the practice of induced censoring for the estimation of
critical lower percentiles. Section 3 discusses in detail a simulation
study, its results, and implications. Section 4 offers practical advice
to the user as to when and how induced censoring should (or
should not) be implemented. Section 5 illustrates the practice of
induced censoring for estimation of lower percentiles using two
real world data examples. We conclude the article in Section 6
with a brief discussion of our findings.

2. Lower percentiles and induced censoring

Lower percentiles are helpful for understanding early failures,
specification limit improvement, warranty analysis, etc. Thus, in
reliability studies, it is generally of high interest to obtain good

estimates of these key parameters. See, for example, [16] which
emphasizes the role of percentiles in system life optimization.
Percentiles can be estimated using either parametric or nonpara-
metric techniques. If a distribution can be identified that satisfac-
torily fits a given data set, parametric estimation is often
recommended it is produces more precise percentile estimates
versus those obtained via nonparametric methods [17]. As a
consequence, in this article, we make use of the inverse cdf (or
maximum likelihood) approach [2] for percentile estimation. It
should be noted, however, that the technique of induced censoring
could be fruitfully applied regardless of the method utilized for
percentile estimation. For instance, if suitable prior information is
available, Bayesian methods for percentile estimation [2] could
likewise be employed alongside induced censoring.

It is known that when data involving components or devices
with multiple aging periods are improperly fit by reliability
distributions, the estimates of lower percentiles are impacted by
the longer lasting failures and can be biased. In Fig. 2, the solid
curve represents a Weibull distribution with constant parameters
(β¼0.5, η¼400) over the entire time interval (0rtr1000Þ, and
the dashed curve represents a two-part Weibull distribution with
a decreasing then constant hazard rate. That is, β¼0.5 for
0rto100 and β¼ 1 for tZ100 (η remains fixed at 400 over
the entire time interval). While the choice of η¼ 400 is somewhat
arbitrary, this value is representative of what one might expect to
obtain with a 1000 h ALT in which a push is made to obtain a large
number of failures by the end of 400 h (or approximately two
weeks). Recall that η is also the 0.632 quantile.

Our overarching motivation for induced censoring is attributed
to the observation that when the correct reliability model is a
simple Weibull distribution with one aging behavior and interest
lies in the estimation of the lower percentiles, induced right
censoring will produce percentile estimates with less bias than
estimation without induced censoring. For example, suppose that
the solid curve in Fig. 2 represents the data we are modeling.
A small-scale simulation study (results not shown for brevity) based
on assuming a Weibull model with β¼0.5 for 0rto1000 indicates
that the percentile estimates with minimum bias are actually
obtained when approximately 6% of the data is right censored. That
is, right censoring the most extreme 6% of the data will result in a
more helpful fit for estimating the extreme lower percentiles.

Now, assuming the two-part Weibull distribution in Fig. 2 is
representative of the data we are modeling, an unhelpful fit will
clearly occur when the full set of data is modeled inappropriately
by a reliability distribution that specifies only one type of aging
behavior. The result is higher root mean square errors and bias of
lower percentile estimates. To correct for this model misspecifica-
tion and, as a result, allow the practitioner to make use of a simple
reliability distribution in lieu of a more complex bathtub curve
models, we propose a strategy based on induced censoring.

Induced censoring is a technique that restructures a reliability
data set by censoring a portion of the raw data (i.e., the data is
weighted rather than “thrown away”). In doing so, the data
involving the lifetime period of interest is given more emphasis
without violating the integrity of the data. Thus, the fundamental
idea of induced censoring is to extract the information of interest
from the weighted data while also maintaining as much informa-
tion as possible from the raw data.

The problem of determining the amount of data that should be
right censored can be linked with the failure rate change point. In
the case of lifetime distributions, the change point of hðtÞ is
considered a critical time [18]. Thus, for the purpose of estimation
of lower percentiles, one would consider induced right censoring
of observations beyond the change point from the ‘infant mortal-
ity’ phase to the ‘useful life’ phase. Naturally, though, such a
change point is unknown in practice. Estimation of change points

Fig. 1. Bathtub curve.
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