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The reliability of quasi-integrable generalized Hamiltonian systems is studied. An m-dimensional
integrable generalized Hamiltonian system has M Casimir functions C,...,Cy and n (n = (m —
M)/2) independent first integrals Hp41, ..., Hy+n in involution. When an integrable generalized
Hamiltonian system is subjected to light dampings and weakly stochastic excitations, it becomes a
quasi-integrable generalized Hamiltonian system. The averaged It6 equations for slowly processes
Ci,...,Cu,sHys1, ..., Hyqn can be obtained by using stochastic averaging method, from which a
backward Kolmogorov equation governing the conditional reliability function and a Pontryagin equation
governing the conditional mean of the first passage time are established. The conditional reliability
function and the conditional mean of first passage time are obtained by solving these equations together
with suitable initial condition and boundary conditions. Finally, an example of a 5-dimensional quasi-
integrable generalized Hamiltonian system is worked out in detail and the solutions are confirmed by
using a Monte Carlo simulation of the original system.

© 2009 Published by Elsevier Ltd

1. Introductions

The first passage problem is significant for structural relia-
bility but it is very difficult to solve. The known exact solution
is limited to the one-dimensional diffusion process. In the past
decades, several numerical methods such as the generalized cell-
mapping procedure [ 1] and Monte Carlo simulations [2] have been
proposed to obtain the statistics of the first passage problem
for higher-dimensional stochastic systems. At present, a power-
ful approximate technique for analyzing the first passage problem
of higher-dimensional stochastic systems is the combination ap-
proach of the stochastic averaging method and the diffusion pro-
cess theory of the first passage time, which has been applied by
many authors, e.g., [3-8].

Many systems in science and engineering are of odd dimension,
which can be modeled as stochastically excited and dissipated
generalized Hamiltonian systems. Such systems may be classified
into five groups based on the integrability and resonance of the
associated generalized Hamiltonian systems. An m-dimensional
quasi-integrable generalized Hamiltonian system is a generalized
Hamiltonian system with M Casimir functions Cy, ..., Cy and n
(n = (m — M)/2) first integrals Hy1, ..., Hy4n in involution
subjected to lightly linear and (or) nonlinear dampings and weakly
stochastic excitations.

In the present paper, the equations governing a quasi-
integrable generalized Hamiltonian system are reduced to a set of
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averaged It0 stochastic differential equations by using the stochas-
tic averaging method. Then, the backward Kolmogorov equation
governing the conditional reliability function and the Pontryagin
equation governing the conditional mean of the first passage time
are derived from the averaged equations. A 5-dimensional quasi-
integrable generalized Hamiltonian system is taken as an example
to illustrate the proposed procedure. The numerical results for the
example are verified by using those from a Monte Carlo simulation.

2. Stochastic averaging

An m-dimensional dynamical system governed by
oH"
BX]' ’

is called a generalized Hamiltonian system. In Eq. (1) x =
[X1, ..., Xn]" is a state vector; the dot denotes the derivative with
respect to time t; H' = H'(x) is a twice differentiable generalized
Hamiltonian; Ui/j (x)] is an m x m anti-symmetric structural matrix,
which satisfies the Jacobi identities [9] and, therefore, provides a
generalized Poisson bracket

X = Ji; (x) i,j=1,...,m (1

& 9F aG
F.G1=2_ D 505 ® a—xj (2)

i=1 j=1

for two dynamical quantities F(x) and G(X) in phase space.

A function F = F(X) is called a first integral of system (1) if
[F,H'] = 0. A function C = C(x) is called a Casimir function if
[C, G] = 0, where G = G(x) is any real-valued function. Obviously,
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a Casimir function is a first integral of the system (usually general-
ized Hamiltonian systems). An m-dimensional integrable general-
ized Hamiltonian system has M Casimir functions Cq, ..., Cyy andn
(n = (m—M)/2)independent firstintegrals Hy 11, . . . , Hy4p inin-
volution. The last term means that the generalized Poisson bracket
of any two first integrals H; and H; vanishes, i.e., [H;, Hj] = 0.

A quasi generalized Hamiltonian system is a generalized
Hamiltonian system subjected to light dampings and weakly
stochastic excitations governed by the following equations:

+ d' (X)

fi=1;00 00 + €125, (X) W ()

i,j:],,,,,m;s:l,...,l (3)

where X = [Xy, ..., Xnl"; []’U(X)] is an m x m anti-symmetric
structural matrix; H'(X) is a twice differentiable generalized
Hamiltonian; sdgj(X) and &'/%f(X) are the coefficients of quasi-
linear dampings and the amplitudes of stochastic excitations,
respectively; ¢ is a small positive parameter; W(t) are Gaussian
white noises in the sense of Stratonovich with correlation functions
E[W; ()W, (t 4+ 7)] = 2Ds;6(7),5,z=1,...,L

Eq. (3) can be modeled as Stratonovich stochastic differential
equations and then converted into 1t6 stochastic differential
equations by adding the Wong-Zakai correction terms D, fifi; /X;.
Splitting the Wong-Zakai correction terms into conservative
part and dissipative part, and combining the two parts with
] (X)dH’/0X; and d;; (X)BH /0X;, respectively, Eq. (3) is converted
mto the following Ito equatlons

oH oH
Xi = [],j X) — —l— ed;j (X) :| dt + %0 (X) dB; (t)

i,j=l,...,m;s=l,...,l (4)

where [J;;(X)] is a modified structural matrix; H is a modified
Hamiltonian; ed;;(X) is the coefficients of modified quasi-linear
damTpings; B,(t) are the standard Wiener processes and oo =
2fDf".

Assume that the generalized Hamiltonian system governed by
Eq. (4) with ¢ = Ois integrable. Then, the Eq. (4) describes a quasi-
integrable generalized Hamiltonian system. In principle, n (n =

(m — M)/2) pairs of action-angle variables Iy, ®; (k = 1,...,n)

can be introduced. Make the transformation

G =G (X), Iv1 = 1v1 (x)7 ®v1 = ®u1 (X)
v=1,....,M; vy =1+M,...,n+ M. (5)

Then, the It6 equations for Ci,...,Cyvy Iyt1s.--,

Iv+ny Omt1s - - -, Onpn can be derived from Eq. (4) by using the

It0 differential rule as follows:

aC,
dc, = sU,ﬁl)dt + sl/zaisa—xdes

al,
dI, _8U<1)dt gl/ 4B
I, + %is 2y, 45

1

00,
dOy, = (@, +eUP) dt 4"/ s 4B

i

v=1,....M; vy=M+1,....M+n;s=1,...,1 (6)
where
aC, oH 1 3%¢,

U(,])_ ij OisOjs

v aX; 8%, 2 " ¥ axax;

@ _ o, Oy 3H 1 9°l,,

w T B ax T 275 axex;
U — g 0O OH 1 9?0, )

where X on the right-hand side of Eq. (6) should be replaced by
Ciy...,Cu, IM+1, e IM+ny ®M+1» e ®M+n in terms Oqu. (5)

In the non-resonant case, Cy, ..., Cy, Iy+1, - - - , Iy+n are slowly
varying processes while ®p 1, ..., Oy4, are rapidly varying
processes. According to a theorem due to Khasiminskii [10]
Ci,---»Cuy IM+1, ..., Iyen converge weakly to a (M + n)-
dimensional diffusion process as ¢ — 0 inatime interval 0 <t <
T,where T ~ 0(¢~"). The Itd equations for an (M +n)-dimensional
diffusion process are obtained by applying time averaging to
Eq. (6) under the condition that the Cy, ..., Gy, In41, - - - » [y4n OD
the right-hand of Eq. (6) are kept constant. Since the phase flow of
an integrable and non-resonant generalized Hamiltonian system
is ergodic on the manifold of constant Ipj41, . .., In4n, C1, - . ., Cuy
the time averaging can be replaced by phase space averaging with
respect to Op41, . . . , Oppn. Thus, the averaged Itd equations for
Ci, - Gy, byst, - - -, Iy are of the form

dC, = eU/ (C,T)dt + &'/?5]_ (C, 1) dBs
dl,, = U, (C.D) dt+s”2 ).+ (C. 1) dB

v:l,...,M;v1:M+l,...,M+n;s:l,...,l (8)
where
-, [, 08C, 8H 41 1 9°C,
“\Mox; ax, T 27 3Xi0X; | o
- 8U18H+1 0%,
i ax; ox; | 27k 3X:9X; [ ¢
_, o 9C,, 3C,,
VU3 = O11)250-1)35 O-ISO-JS aX aX
o
T ’ ’ aCUZ alvl
bv2v1 lesauzs OisOjs 8X1 E)XJ o
B/ = =/
V45 v4sav5s OisOjs <~ 8X, axj o

L M; v, v, vs =M+1,...,M+n. (9)

Since H = H(I), the equations for I in Eq. (8) can be replaced
by those for Hy by using the It differential rule. The resultant
averaged It6 equations for C, H are of the following form:
dC, = €U, (C, H) dt + £'?5,, (C, H) dB;
dH,, = eU,, (C,H)dt + &'%5,,5 (C, H) dB;

v=1,....M; vy=M+1,....M+n; s=1,...,1 (10)
where
=/ =/
O, =0 Oy =0 Moy SusOus O°Hy
13, 2 3l 01,
- oH,
bU2U3 bi)zvg’ bUZUI = ;)21)1 3[,,]1
- - oH,, 0H
bv4v5 — b;}‘ws Vg V5
ol,, 0l
v,v,v03=1,...,M; v{,vg,v5s =M+1,...,M+n 11

in which I are replaced by H in terms of H = H(I).

3. Backward Kolmogorov equation

Generally, the generalized Hamiltonian H represents the total
energy while the first integral H,; and Casimir function C, rep-
resent the energies of its sub-systems. Suppose that the averaged
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