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Finite element formulation and analysis of Timoshenko beam excited
by transversely fluctuating supports due to a real seismic wave
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a b s t r a c t

Using the concept of quasi-static decomposition and using three-noded isoparametric locking-free
element, this article presents a formulation of the finite element method for Timoshenko beam sub-
jected to spatially different time-dependent motions at supports. To verify the validity of the formulation,
three fixed-hinged beams excited by the real seismic motions are examined; one is a slender beam,
another is a stocky one, and the other is an intermediate one. The numerical results of time histories of
motions of the three beams are compared with corresponding analytical solutions. The internal loads
such as bending moment and shearing force at a specific time are also compared with analytic solutions.
These comparisons show good agreements. The comparisons between static components of the internal
loads and the corresponding total internal loads show that the static components predominate in the
stocky beam, whereas the dynamic components predominate in the slender one. Thus, the total internal
loads of the stocky beam, which is governed by static components, can be predicted simply by static
analysis. Careful numerical experiments indicate that the fundamental frequency of a beam can be used
as a parameter identifying such a stocky beam.
© 2018 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The piping in nuclear power plants would experience different
motions at its ends during an earthquake if the ends or supports are
connected to different main structures. The vibration of the pipe
can be treated as the transverse vibration problem of a beam
excited by motions at supports when the effect of fluid flow is
neglected.

To solve the time-dependent boundary value problems, Mindlin
and Goodman [1] developed the solution procedure called “the
method of quasi-static decomposition.” They applied it to the
problem of the transverse vibrations of EulereBernoulli beams
with time-dependent boundary conditions. Since then, many in-
vestigators have applied it to the analysis of structures subjected to
multiple support motions or seismic excitations via various ap-
proaches, such as time history analysis, response spectrummethod
of analysis, or frequency-domain spectral analysis [2e9].

Authors [4,7,10e12] formulated the finite element (FE) dynamic
analysis of EulereBernoulli beams excited by transversely

fluctuating support motions. However, a flexible connecting rod,
some robotic manipulators, or some pipes betweenmain structures
in nuclear power plants are not slender beams but rather stocky
ones. They are often excited by the motions transmitted from
connections or supports inmain structures or foundation. Thus, it is
necessary to develop FE formulation based on Timoshenko beam
theory (TBT). However, the investigations for FE formulation of
Timoshenko beams subjected to transversely fluctuating support
motions are hardly found. As for the analytic solutions of Timo-
shenko beam excited by transverse support motions, there are not
so many articles compared with those concerning analytic solu-
tions of EulereBernoulli beam, either. Lee and Lin [13] presented a
solution procedure for elastically restrained nonuniform Timo-
shenko beams by generalizing the quasi-static decomposition
method. They [14] also proposed an accurate solution procedure for
the forced vibration of a pretwisted Timoshenko beam with time-
dependent elastic boundary conditions by using the Mind-
lineGoodman's quasi-static decomposition method. Kim [15,16]
presented the procedure to obtain the responses of Timoshenko
beam excited by support motions by using the expansion theorem
based on the orthogonality property of eigenfunctions and also
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presented the analytic solutions of fixedefixed Timoshenko beam
excited by real seismic support motions.

In this study, FE formulation for the dynamic analysis of Timo-
shenko beam excited by spatially different, transversely fluctuating
support motions is presented by using the quasi-static decompo-
sition method. To verify the formulation, FE analysis of the three
beams, which are a slender beam, a stocky beam, and an inter-
mediate one, subjected to real seismic time histories of acceleration
at supports are performed, and the results are compared with an-
alytic solutions based on the TBT, which are obtained by using the
same manner as in the studies by Kim [15] and [16]. The compar-
isons show good agreements. The static components of bending
moment and shearing force of the three beams are also compared
with the corresponding total quantities at specific instants at which
maximal magnitudes of bending moment and shearing force occur
during the excitation. The comparison shows that the static com-
ponents of the internal loads predominate in the stocky beam,
whereas the dynamic components predominate in the slender one.
Through careful numerical experiments of nine groups of beams, a
parameter identifying which beam is governed by static compo-
nents is introduced to predict the behavior of such static compo-
nentedominated beams (or simply, SCD beam) simply by static
analysis, without dynamic analysis.

2. FE formulation

Themotion of Timoshenko beamwith a uniform cross section in
Fig. 1, which is excited by support displacements a(t) and b(t), is
described as the following differential equations and boundary
conditions.8<: rA€y� kGA

�
y;xx � q;x

�
¼ 0

rI€q� EIq;xx � kGA
�
y;x � q

�
¼ 0

(1)

with the support motions

yðx; tÞjx¼0 ¼ aðtÞ; yðx; tÞjx¼L ¼ bðtÞ; qðx; tÞjx¼0 ¼ 0;

q;xðx; tÞ
��
x¼L ¼ 0

(2)

where y(x, t) is the transverse displacement and q(x, t) is the rota-
tional displacement of a cross section. In Eq. (1), a superimposed
dot denotes a differentiationwith respect to t, and the subscript of x
stands for a differentiation with respect to x. EI, rA, G, and k denote
the flexural rigidity, mass per unit length, shear modulus, and the
shear coefficient, respectively. In Eq. (2), a(t) and b(t) denote the
prescribed support displacements at the left end and the right end,
respectively, and L is the length of the beam.

The free-body sketch in Fig. 2 shows the sign convention of the
bending moment and the shearing force. The sign convention will
be used in FE formulation later in this article tomatch up the sign of
analytic solutions and the sign of FE solutions. Based on the TBT, the
structural loads, M(x, t) and Q(x, t), are expressed as

Mðx; tÞ ¼ EIq;x
Qðx; tÞ ¼ kGA

�
y;x � q

� (3)

According to themethod of quasi-static decomposition, the total
displacements y(x, t) and q(x, t) are written as the sum of a static
component and a dynamic component, respectively, as follows:

fug ¼ fusg þ fudg (4)

where

fug ¼
�
yðx; tÞ
qðx; tÞ

�
; fusg ¼

�
ysðx; tÞ
qsðx; tÞ

�
; fudg ¼

�
wðx; tÞ
fðx; tÞ

�
(5)

and ys and qs are static displacements; w and f are dynamic
displacements.

2.1. Static displacements

The static displacements, ys and qs, should satisfy the following
static governing equations and the support conditions in Eq. (2)8<: kGA

�
ys;x � qs

�
;x
¼ 0

EIqs;xx þ kGA
�
ys;x � qs

�
¼ 0

(6)

Solving Eq. (6) directly by using the support conditions, we can
obtain the static displacements

ysðx; tÞ ¼ bðtÞ � aðtÞ
gþ L2

�
3

�
�

x3

6L
þ x2

2
þ g

L
x
	
þ aðtÞ (7)

qsðx; tÞ ¼ bðtÞ � aðtÞ
gþ L2

�
3

�
�

x2

2L
þ x

	
(8)

where g ¼ EI=kGA: The static components of the bending moment
and the shearing force are

MSTATIC ¼ EI
gþ L2

�
3

�x
L
þ 1

�
$fbðtÞ � aðtÞg

�
(9)

QSTATIC ¼ EI

gþ L2

�
3
�
L
$fbðtÞ � aðtÞg (10)

2.2. Dynamic displacements

Using Eqs. (4) to (6), we can express Eq. (1) in terms of the dy-
namic displacements, w(x, t) and fðx; tÞ; as

(
rA €w� kGA



w;xx � f;x

� ¼ gsyðx; tÞ
rI€f� EIf;xx � kGA



w;x � f

� ¼ gsqðx; tÞ
(11)

Fig. 1. A fixed-hinged beam subjected to the prescribed displacements a(t) at the left
support and b(t) at the right support.

Fig. 2. Free-body sketch of a beam element of length dx.
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