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a b s t r a c t

Two heterogeneous nodal methods based on the Variational Nodal Method (VNM) are investigated with
diffusion approximation in three-dimensional Cartesian geometry. The first one is named as Function
Expansion (FE) method while the second is Finite Sub-element (FS) method. Based on our previous work
and the code Violet-Het1D in one-dimensional slab geometry, a code named Violet-Het3D was devel-
oped to handle the Pressurized Water Reactor (PWR) control rod cusping effect and pin-by-pin calcu-
lation by using either of these two methods. To eliminate the control rod cusping effect, Violet-Het3D
provides a different idea from the existing methods. Neither homogenization procedure nor mesh
adjustment is needed in Violet-Het3D by taking advantage of the treatment for heterogeneous nodes.
Numerical results show that both the FE and FS methods can eliminate the cusping effect and obtain
accurate power distribution while the FE method has relatively higher efficiency and accuracy. In
contrast, for pin-by-pin calculation, the FS method obtains more accurate eigenvalue and pin power
distribution than the FE method.

© 2017 Published by Elsevier Ltd.

1. Introduction

In recent decades, the two-step scheme (Smith, 1986) is
employed in Pressurized Water Reactor (PWR) core computation:
lattice calculation with homogenization and whole-core diffusion
calculation with pin-power reconstruction. For the core diffusion
calculation, nodal methods have been widely employed. In nodal
methods, there is one basic assumption that the cross sections
within each node are homogeneous. Although the assumption is
reasonable in most situations in PWR as the detailed construction
within each assembly is homogenized by using the lattice code, it
will introduce errors or limit the computational efficiency in some
special cases. Two typical examples including the “control rod
cusping effect” and pin-by-pin calculation are discussed in this
paper.

Firstly, control rods keep moving along the axial direction
within the PWR core with a step size of about 1e2 cm, while the
nodal size of neutronics simulation is usually about 10e20 cm.
Thus, unavoidably a control rod assembly may be partially inserted

into a node which means part of the node uses assembly-
homogenized cross sections with control rods in while the other
part uses assembly-homogenized cross sections with control rods
out. As the piece-wise distributed cross sections within a node is
not allowed by traditional nodal methods, the heterogeneous node
should be homogenized. However, if we simply homogenize the
node by using the volume-weighted scheme, it would result a lot of
wiggles in the numerically simulated curve of control rod differ-
ential worth which theoretically should be smooth. This phenom-
enon is the so-called control rod cusping effect (Si, 2006). Since
1980s (Han-Sem, 1984), many methods have been investigated to
eliminate it. These methods can be classified into two categories
although they have different implementations. The first category is
flux-volume-weighted methods (Yamamoto, 2004; Dall'Osso,
2002; Bandini et al., 2003; Downar et al., 2004; Reitsma and
Muller, 2002). They have to obtain an approximate flux distribu-
tion over the heterogeneous nodes for homogenization. The second
category is adaptive mesh methods (Zhang, 2014). They adjust the
spatial mesh after each control rod movement to avoid the
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appearance of heterogeneous nodes.
Secondly, to reduce the error introduced by assembly homoge-

nization, the pin-by-pin scheme has arisen. It solves thewhole-core
problem with pin cell homogenized cross sections to eliminate the
assembly homogenization and pin-power reconstruction. There-
fore, many pin-by-pin calculation codes have been developed such
as SCOPE2 (Tatsumi andYamamoto, 2003) andEFEN (Li et al., 2014a).
However, as traditional nodal method requires homogenized cross
sections in each mesh, the whole-core pin-by-pin problem should
consist of millions of meshes, causing issues in both memory and
efficiency. For example, a PWR can be divided into 10 million pin-
size meshes. Together with the SP3 approximation and 4 energy
groups, it needs 10 GBmemory and the computational time is about
24 h (Yang et al., 2014) for one single CPU.

For the control rod cusping effect problem, if nodal method al-
lows heterogeneity in a node, neither the flux-volume-weighted
method nor the mesh adjustment would be needed to avoid the
heterogeneous nodes. The control rod cusping effect is supposed to
be directly eliminated by using heterogeneous nodal method. For
the pin-by-pin problem, a whole assembly can be treated as a node
if heterogeneity is allowed in a node.

Thus, to eliminate the requirement of nodal homogeneous cross
sections in traditional nodal methods, heterogeneous nodal
methods were developed. In 1997, Fanning and Palmiotti (1997)
developed a heterogeneous Variational Nodal Method (VNM
(Palmiotti et al., 1995; Li et al., 2015a)). The space variable of flux
and current in this method are still expanded by polynomials as
same as that in homogeneous VNM. For calculating the response
matrices, the heterogeneous node is divided into several homoge-
neous regions and then the integrals over the node are divided into
a set of homogeneous integrals. In 2003, Smith et al. (2003)
developed another heterogeneous VNM. The main idea of this
method is to further break each heterogeneous node into sub-
elements within which the cross sections are constants. The flux
is then expanded by finite trial functions in space. The nodal
functional is constructed by the functional of all sub-elements in
the node.

To investigate and make comparisons of the above two
methods, this paper derives the formulations based on the two
methods with diffusion approximation in three-dimensional Car-
tesian geometry. In this paper, we call them the function expansion
(FE) method (Li et al., 2014b) and finite sub-element (FS) (Li et al.,
2015b) method respectively. However, different from Fanning's
method, the cross sections in FE method are presented by piece-
wise polynomials which means it can treat not only the problems
with heterogeneous nodes consisted of several homogeneous re-
gions as that in Fanning's paper, but also the problems with
continuous cross sections (Li et al., 2014b) within the nodes.
Different from Smith's method, the nodal interface current in FS
method is expanded by finite trial functions instead of polynomials
which should eliminate the interface approximation caused by the
transformation of coefficients between finite trial functions and
polynomials. Moreover, this paper applies these two methods to
eliminating the control rod cusping effect in PWR which is not
found in previous works. This might be the first practical applica-
tion of heterogeneous nodal methods.

A commercial program called Freefemþþ (Bernardi et al., ) is
employed to generate the sub-elements inside the nodes. A code
named Violet-Het3D was developed to treat heterogeneous node
by the two methods. In addition, a representative PWR control rod
cusping effect problem and a pin-by-pin problemwere employed in
this paper to make the comparisons for these two methods.

2. Theory

Both of the FE and FS methods start from the three-dimensional
within-group diffusion equation:

8<
:

V$JðrÞ þ StðrÞFðrÞ ¼ SsðrÞFðrÞ þ SðrÞ
1
3
VFðrÞ þ StðrÞJðrÞ ¼ 0

(1)

where F is the scalar flux (cm�2$s�1), J is net current (cm�2$s�1), St

is the total cross section (cm�1), Ss is the within-group scattering
cross section (cm�1), and S is the source term (cm�3$s�1) including
scattering and fission:

SðrÞ ¼
X

ðrÞFðrÞ þ 1
k
QðrÞFðrÞ (2)

whereX
ðrÞFðrÞ ¼

X
g0sg

Ss
gg0 ðrÞFg0 ðrÞ (3)

and

1
k
QðrÞFðrÞ ¼

X
g0

cg
k
nSf ;g0 ðrÞFg0 ðrÞ (4)

k is the effective multiplication factor, cgnSf ;g0 and Ss
gg0 are

respectively the fission and scattering cross sections (cm�1) from
energy group g’ to g.

The same as the homogeneous VNM, the entire problem domain
is decomposed into subdomains Vv (nodes) and the functional can
be written as a superposition of nodal contributions:

F½F; J� ¼
X
v

Fv½F; J� (5)

F½F; J� stands for the functional of the whole problem in terms of F
and J while Fv½F; J� is the nodal functional. Start from here, the FE
and FS methods treat the nodal heterogeneity differently.

2.1. Function expansion method

The nodal functional consists of volume and surface
contributions:

Fv½F; J� ¼
Z

v
dV
�
1
3
StðrÞ�1ðVFðrÞÞ2 þ ðStðrÞ � SsðrÞÞFðrÞ2

� 2FðrÞSðrÞ
�
þ 2

X
g

Z
g
FgJgdG (6)

Jg ¼ Jg$ng (7)

where v stands for a certain node of the entire problem; g rep-
resents a certain nodal surface of node v; Jg stands for the net
current (cm�2$s�1) on the surfaces of the node and ng is the
outer normal of the nodal surface. In this method, the cross
sections in the nodal functional as shown in Eq. (6) can be
written as piecewise polynomials instead of constants. Thus, it
can treat both the problems of heterogeneous nodes with
piecewise homogeneous regions and the problems with contin-
uous cross sections.
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