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a b s t r a c t

In this work, the existence of the optimal working frequency for ultrasonic motors (USMs) is theoretically
and experimentally verified for the first time, at which working point the power dissipation of the motors
arrives at its minimum value. The mathematical model of the mechanical quality factor is initially
deduced to evaluate the loss level, because it shows an opposite tendency with losses. The derivative
of the mechanical quality factor can be subsequently arrived at with the aid of the phenomenon model
of the phase of the admittance. The theoretical derivation infers that the maximum value of the mechan-
ical quality factor exists almost around the average value of the frequency of maximum conductance and
the frequency of maximum resistance. Then the input power of the USM is measured under the constant
velocity condition, which is supposed to counteract the loss; that is, the loss can be therefore evaluated
experimentally. Measurements infer that the power dissipation of the motor reaches the minimum value
around the calculated optimal working frequency. In other word, it is proven that the USM maintains an
optimal working frequency from the loss reduction view point.

� 2016 Elsevier B.V. All rights reserved.

1. Introduction

Ultrasonic motors (USMs) usually pursue more stable perfor-
mance, which is restricted by the heat generation due to losses
in those devices [1]. The mechanical quality factor is then applied
to evaluate loss level, because it has an opposite tendency with
losses [2,3]; that is, the larger mechanical quality factor is, the
smaller losses the USMs maintain. Traditional USMs used to be
driven at the resonance frequency to easily obtain sufficient vibra-
tion amplitude because the motors approximately maintain the
largest admittance at the resonance point [4–6]. A larger mechan-
ical quality factor discovered at the antiresonance point therefore
infers a superior working frequency to the resonance frequency
from the loss reduction viewpoint [3]. Only mechanical quality
factors at the resonance and the antiresonance frequencies, how-
ever, have been sufficiently studied by then [7,8]; a more compet-
itive working frequency has been recently discovered due to new
methods to determine the mechanical quality factor [9,10], at
which point the mechanical quality factor arrives at the maximum
value. The USMs theoretically benefit from applying the new work-
ing frequency, which will maintain less losses and subsequently
more stable performance. The existence of the new working
frequency has been fully verified by both theoretical derivations

and experimental measurements [9,10], however, only based on
piezoelectric materials.

In this work, the optimal working frequency of the USM will be
theoretically and experimentally investigated. The analytical
model of the mechanical quality factor of the motor will be initially
built. The phenomenological model of the phase of the admittance
will be subsequently applied to theoretically predict the ideal
value of the new working frequency. Then the non-ideal factors
influencing derivations of the optimal working frequency will be
also analyzed, which include the parametric uncertainties of mate-
rial properties and the errors of the modeling. The input power of
an USMwithin the working bandwidth under the constant rotating
speed condition will be subsequently measured to experimentally
verify the existence and the superiority of the optimal working
frequency.

2. Modeling of mechanical quality factor of USM

In this section, the analytical model of the mechanical quality
factor of an USM, Qm, will be deduced, whose derivation starts with
the definition as follows [11]

Qm ¼ 2p � Energy Stored
Energy dissipated per cycle

¼ 2p � WUR
V wlossdV

¼ 2p � WT

WEA
: ð1Þ
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At a steady state, the maximum stored energy, WU , and the
maximum kinetic energy, WT , reach equilibrium in an electrical
cycle. As a result, WU ¼ WT . Moreover, the active component of
the electrical energy, WEA, is supposed to compensate the dissipa-
tion, wloss; that is, WEA ¼ 1

2

R
V ED � cos udV ¼ R

V wlossdV , is deter-
mined by the electrical field E, the charge density D, and the
phase difference u between the current and the input voltage
ranging within ½� p

2 ;
p
2�, which is integrated in the volume of the

piezoelectric materials, V . To analytically solve (1), WT and WEA

should be explicitly described.

2.1. Derivations of WT

In this paper, a rotary traveling-wave USM is taken as an exam-
ple to verify the existence of the optimal working frequency of the
USM. The quarter-phase input voltages have identical amplitudes
and same driving frequencies; meanwhile, their phase difference
is fixed as p

2. Locations of piezoelectric ceramics with different
polarization directions inside the motor are carefully designed to
efficiently force the stator to vibrate and subsequently the rotor
to spin as sketched in Fig. 1 [12].

The total kinetic energy, WT , therefore equals to the sum of
the mechanical energy in the form of vibration of the stator and
the rotor and the mechanical energy in the form of rotation of
the rotor.

A point, O, on the neutral plane of the stator can be subse-
quently selected as the original point of the inertial coordinate
system, Oxy, which leads to the selected shape functions

U ¼ /A
/B

� �
¼ cos kx

sin kx

� �
[13]. The free variable x ranges within

½� np
k ; npk �, where k ¼ 2p

k ¼ n
r , k is the wave length of the traveling

wave, n denotes the number of the vibrations mode, and r is the
radius of the rotor. The Oxy can be then established as shown in
Fig. 2, where the positive direction of Ox axis is the direction of
the traveling wave movement meanwhile the positive direction
of Oy axis points to the rotor. Moreover, a traveling point, O0, on
the Ox axis can be defined as the original point of the rotating coor-
dinate system, O0xy0, which can make the distance from O to O0

maintain xt. The O0y0 axis is traveling with O0, whose direction
invariably points to the rotor. In the traveling coordinate system,
the traveling wave is therefore fixed as a cosine shape explicitly
independent of the time free variable as shown in Fig. 2. In
Fig. 2, wf denotes the vibration amplitude of the rotor in the Oy
and Oy0 direction. Meanwhile, the linear velocity of the rotor, VR,
equals to the production of the rotating speed, XR, and the radius,
r, which has the identical direction with the velocity of the point on

the stator surface, VS. The positive directions of VS and VR both
point to the negative direction of Ox axis.

In the O0xy0, the vibration amplitude and vibration velocity of
the traveling wave on the stator can be simply described as

wðxÞ ¼ W0 cosðkxÞ; ð2Þ

VsðxÞ ¼ �hxW0

r
cosðkxÞ; ð3Þ

where the vibration amplitude of the stator, W0, can be expressed

by the mechanical modal amplitudes; that is, W0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
A þ p2

B

q
.

Mechanical modal amplitudes [14] p ¼ pA
pB

� �
¼ W0 cosxt

W0 sinxt

� �
are

only related to the time free variable, wherex is the working angu-
lar frequency. h denotes the offset distance from the centerline.

The maximum value of the linear velocity of the rotor, VRmax,
therefore equals to the velocity of the stator surface when x ¼ 0;
that is,

VRmax ¼ Vsð0Þ ¼ �hxW0

r
ð4Þ

where the linear velocity of the rotor can be subsequently described
as

VR ¼ cVRmax ¼ �chx
r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
A þ p2

B

q
; ð5Þ

where the velocity coefficient, c, ranges within ½0;1�. The kinetic
energy in the form of the rotation of the rotor can be then written as

WTJ ¼ 1
2
JX2

R ¼ 1
2
J � c

2h2x2

r4
� ðp2

A þ p2
BÞ; ð6Þ

where XR is the rotating speed of the rotor (the derivative of the
angular displacement h) and J denotes the rotational inertia. When
reaching the steady state, c will remain constant.

Meanwhile, the kinetic energy in the form of the vibration of
the stator [14],

WTS ¼ 1
2

Z
V
q _u2dV ; ð7Þ

which is related to the vibration velocity of an arbitrary small vol-
ume element in the material _u (the derivative of the displacement
u) and the mass density q. Furthermore, the displacement u can
be expressed by [9]

u ¼ UT
mech � p ¼ cos kx � pA þ sin kx � pB; ð8Þ

With the substitution of (8) into (7), WTS can be rewritten as,

WTS ¼ npMx2W2
0

2
¼ npMx2

2
ðp2

A þ p2
BÞ; ð9Þ

where M is the modal mass of the stator of the USM [14], which can
be calculated by M ¼ R

Vs
UTqsUdVs þ

R
Vp

UTqpUdVp, Vs and Vp

respectively denote the volume of substrate of the stator and the
volume of the piezoelectric ceramics, qs and qp separately express
the mass density of the substrate and the piezoelectric ceramics.

Then, the kinetic energy in the form of the vibration of the rotor
can be expressed as,

WTR ¼ 1
2
MR

_W2
R; ð10Þ

where MR is the modal mass of the rotor, _WR is the vibration
velocity of the rotor in the axial direction, which is the derivative
of the vibration amplitude WR. Further, WTR is generated due to
the kinetic energy in the form of the vibration of the stator. When
the USM arrives at the steady state, WTR can be therefore
described as,Fig. 1. Sketch of polarization directions of piezoelectric ceramics attached on stator.
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