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a b s t r a c t

The paper studies by the finite element method the harmonic surface acoustic wave scattering at 90� cor-
ners of piezoelectric substrates. The SAW is incident perpendicular to the vertical border. The dependen-
cies of the reflection and transmission coefficient on the radius of the fillet at the corner are found for
128�YX and YZ LiNbO3 as well as ST-X SiO2 substrates. In particular, the obtained results reveal that, like
in the case of isotropic solids, the magnitude of the reflection coefficient first increases with the fillet
radius to wavelength ratio r=k, reaches a maximum at r=k � 0:3� 0:5, and then decreases tending to zero.
The magnitude of the transmission coefficient across the rounded corner first decreases, reaches a min-
imum at r=k � 0:3� 0:5, and then increases up to a value around which it slightly oscillates as r=k
increases. It is demonstrated that if the substrate is anisotropic, then in the general case a SAW is scat-
tered off differently at the right-hand border and the left-hand border. The difference between the ‘‘right-
hand’’ and ‘‘left-hand’’ transformation coefficients can be very substantial. Computations for YZ LiNbO3

illustrate possible levels of the anisotropy of the scattering for mutually reverse directions of incidence.
It is shown that if the substrate is specially oriented, then the scattering from the right-hand border is
identical to the scattering from the left-hand border. There are four types of such orientations. Examples
of the specially oriented substrates are 128�YX LiNbO3 and ST-X SiO2.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Piezoelectric materials are widely used as substrates for the
manufacture of surface acoustic wave (SAW) devices [1,2]. It is nat-
ural that an actual substrate is of finite size, so the SAW generated
by an interdigital transducer (IDT) on one of the substrate faces
almost always propagates as far as substrates edges. When meet-
ing a border, the SAW is partially reflected off, changing the direc-
tion of propagation on the working face, partially transmits on the
neighboring face, and partially transforms into bulk waves irradi-
ated from the junction of borders towards the interior of the sub-
strate. In view of anisotropy the transmitted and the reflected
SAWs can be strongly different by their structures from the inci-
dent SAW.

The scattering problem for SAW at the substrate edge is of inter-
est from the viewpoint of practical applications. In particular, it is
helpful to know the amplitude of the reflected SAW in order to be
able to estimate the electric signal induced by this wave. It is also

of interest to know to what extent one can vary the reflection and
the transmission by changing the shape of the face junction. The
transmission of the SAW from one face to another can be utilized
for the generation of SAW on the face where for some reasons
the IDT cannot be created.

The analysis of the scattering phenomenon is of scientific inter-
est as well, broadening one’s understanding of basic specific fea-
tures of the SAW propagation in anisotropic media. For instance,
one should think that the reflection coefficients of the SAW inci-
dent normally on the left-hand side and the right-hand side bor-
ders of the substrate are different because of the anisotropy. It is
of interest to know how significant this difference can be in typical
situations. A similar effect takes place when a SAW is scattered
from a surface irregularity in anisotropic substrates. The reflection
coefficients from a symmetric irregularity are different for the SAW
incident from the right and the left [3]. In contrast, the transmis-
sion coefficients are always identical for both the direction of inci-
dence due to the reciprocity theorem. When the SAW is scattered
by the substrate edge the equality of the transmission coefficients
does not hold, but in this case the reciprocity theorem also plays a
role to be discussed in what follows.

http://dx.doi.org/10.1016/j.ultras.2014.08.012
0041-624X/� 2014 Elsevier B.V. All rights reserved.

⇑ Corresponding author.

Ultrasonics 56 (2015) 318–324

Contents lists available at ScienceDirect

Ultrasonics

journal homepage: www.elsevier .com/ locate/ul t ras

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ultras.2014.08.012&domain=pdf
http://dx.doi.org/10.1016/j.ultras.2014.08.012
http://dx.doi.org/10.1016/j.ultras.2014.08.012
http://www.sciencedirect.com/science/journal/0041624X
http://www.elsevier.com/locate/ultras


The scattering of SAW at the edge of piezoelectrics, or, speaking
more generally, in piezoelectric wedges, has been studied analyti-
cally by an approximate method only as applied to the Bleustein–
Gulyaev wave in materials of hexagonal symmetry and the wedge
faces were metallized [4,5]. The method used in [4,5] was a gener-
alization of the method put forward in Refs. [6,7] as applied to iso-
tropic solids. The approximation consisted in that the contribution
of bulk waves was not taken into account exactly. Note that various
approximate methods were also suggested to investigate analyti-
cally the SAW scattering in isotropic wedge-like domains (see,
e.g., [8], ch. 12).

To the best of our knowledge, there is no papers where the SAW
scattering at the border of piezoelectric substrates is studied
exactly analytically or numerically. On the other hand, a number
of works has been published where the Rayleigh wave scattering
problem in isotropic substrate is solved exactly. In a part of the
papers the boundary-value problem is first reduced with help of
fairly involved evaluations to integral equations that are eventually
solved numerically [9–18]. In the other papers the wave equations
are directly solved by a numerical method: finite difference
method [19], boundary element method [20], mixed finite ele-
ment/finite difference method in time domain [21]. It is worth not-
ing that these methods yield practically identical values for the
reflection and the transmission coefficients.

In our previous work [22] we investigated by FEM the Rayleigh
wave scattering by vertical edges in isotropic materials. The com-
putations were performed in frequency domain, i.e., the scattering
of a plane harmonic SAW was studied rather then the scattering of
a pulse as it had been done in Ref. [21]. The so-called perfectly
matched layer (PML) [23–27] was implemented in order to spa-
tially truncate the computational domain. Note that in order to val-
idate our method we have reproduced in [22] results1 obtained in
Refs. [9–21].

In this work we apply FEM in combination with PML method to
simulate the scattering of the SAW of general polarization in
128�YX LiNbO3 and ST-X SiO2 and of the sagitally polarized SAW
in YZ LiNbO3. These cuts are often used for the production of acous-
toelectronic devices [1,2].

2. Statement of the problem

Let a piezoelectric substrate occupy the quarter-space z; x < 0.
The remaining three quarters are the vacuum. The incident
harmonic SAW propagates with frequency x and velocity v I along
the axis x from x ¼ �1 towards the vertical edge x ¼ 0. The mechan-
ical displacement uIðr; tÞ and the electric potential uIðr; tÞ created
by this wave in the substrate are UIðr; tÞ ¼ U0IðzÞ exp½iðkIx�xtÞ�,
where UIðr; tÞ ¼ ðuI;uIÞ

T stands for the four-component vector-
column, U0IðzÞ is defined analogously and describes the
z-dependence of the wave field, kI ¼ x=v I .

When striking the edge (plane) x ¼ 0 the incident SAW gives
rise to the scattered fields uSCðr; tÞ and uSCðr; tÞ. These fields are
found by solving the boundary-value problem by FEM using a pro-
gram written on the basis of COMSOL Multiphysics and MATLAB.

Eventually we want to determine the amplitudes of the
reflected SAW URðr; tÞ ¼ U0RðzÞ exp½�iðkIxþxtÞ� and of the trans-
mitted SAW UTðr; tÞ ¼ U0TðxÞ exp½�iðkT zþxtÞ�, where kT ¼ x=vT

and vT is the velocity of the SAW on the plane x ¼ 0. These ampli-
tudes are calculated, like in our earlier papers [28–33], with the
help of the spacial Fourier transform by extracting the harmonic
kx ¼ �kI of the displacement uSC;zðr; tÞ at z ¼ 0 and the harmonic

kz ¼ �kT of the displacement uSC;xðr; tÞ at x ¼ 0, respectively. The
reflection and the transmission coefficients are defined as the ratio
of the normal component of the mechanical displacement of the
corresponding wave to the normal component of the mechanical
displacement of the incident SAW.

The computational domain is depicted schematically in Fig. 1.
The electric potential in the vacuum is described by the function
uV ðr; tÞ and obeys the equation DuV ¼ 0. The total mechanical dis-
placement and the electric potential in the substrate are written in
the form uSCðr; tÞ þ uIðr; tÞ and uSCðr; tÞ þuIðr; tÞ, respectively. They
obey the equations

$ðr̂SC þ r̂IÞ ¼ �qx2ðuSC þ uIÞ; $ðdSC þ dIÞ ¼ 0; ð1Þ

where r̂SC and r̂I are the mechanical stresses produced by the scat-
tered acoustic field and the incident SAW, respectively, dSC and dI

are the electric displacements produced by the scattered acoustic
field and the incident SAW, respectively, q is the density of the sub-
strate. The condition uSCðr; tÞ þuIðr; tÞ ¼ uV ðr; tÞ is put on the sub-
strate – vacuum boundary. The vanishing of the traction and the
continuity of the normal component of the electric displacement
on this interface are the natural boundary conditions. The condi-
tions on the exterior boundary of the computational domain does
not play any role, since the parameters of PML are chosen such that
the results are to be quasi independent2 on these conditions as well
as on the size of domains 11 and 12 representing the substrate and
the vacuum, respectively.

3. Results

Before discussing the results we introduce additional notation.
Let us imagine that the cross-section of the substrate by the plane
xz is a rectangular (Fig. 2a). Its sizes are assumed to be so big that a
SAW propagates along edges AB; BC, etc. as if the substrate were
half-infinite. Besides, the scattering at a corner is not affected by
the other corners, i.e., the substrate around each of the four corners
can be treated as a quarter-space.

The geometry of the scattering, i.e., the orientation of the sur-
face on which the incident SAW propagates and the direction of
propagation of this SAW, will be formally specified by three Euler
angles ðu; h;wÞ [1,2]. In parallel, to distinguish between different
options more visually, we refer as SAB to the scattering at corner
B of the SAW propagating along edge AB from A to B, as SBA to
the scattering at corner A of the SAW propagating along edge AB
from B to A, etc.

In this notation four cases will be of our interest: SAB, SBA; SCB,
and SDA (see Fig. 2b–e). The reflection and the transmission coeffi-
cients are denoted by letters R and T, respectively, with subscripts
indicating at the scattering option. For instance, the symbols RAB

and TAB stand for the transformation coefficients in case SAB, where
the reflected SAW propagates along edge AB from B to A and the
transmitted SAW propagates along edge BC from B to C. Analogous
principle of ascribing subscripts will be used to identify the relative
energy flow E ¼ jRj2 þ jTj2Ptr=Pin of the reflected and transmitted
SAWs, where Pin and Ptr are the energy flows carried by the inci-
dent (reflected) and transmitted SAWs with unit amplitude of
mechanical displacement on the surface,3 respectively, e.g., EAB is
the total flow in the case of scattering SAB.

In what follows we present the results of our computations for
128�YX and YZ cuts of LiNbO3 and ST-X SiO2.

1 The transformation coefficients found in Ref. [12] are complex conjugate to the
coefficients computed in our paper [22] as well as in Refs. [9–11]. However, this
discrepancy has a simple explanation, see [22].

2 A number of causes why in practice PML does not eliminate completely parasitic
fields are discussed in Ref. [15].

3 Notice that jTj can be greater than 1 when Ptr < Pin .
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