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a b s t r a c t

The screened hydrogenic model (SHM) is one of the atomic models commonly used in plasma physics,
especially in the high energy density range. However, for low-ionization degrees, the radial hydrogenic
wavefunctions of the valence electrons are very different from those arising from HartreeeFock (HF)
calculations. In this work we used the time-honored concepts of screening and quantum defects to
calculate the atomic structure and spectra of not very highly ionized atoms. We showed that, although
for neutral and few ionized atoms the screened hydrogenic radial wave functions are far from the HF
values, the combined use of the screening and the quantum defect parameters produces better calcu-
lations of the dipolar moments that using only the SHM.

© 2015 Published by Elsevier B.V.

1. Introduction

The screened hydrogenic model (SHM) is one of the atomic
models commonly used in plasma physics, especially in the high-
energy density range. The non-relativistic framework of the SHM
was proposed by Layzer [1], whereas the relativistic generalization
was suggested by Layzer et al. [2]. The screening parameters for the
SHM have been calculated, over time, by many authors. In partic-
ular, in the last years, several works have appeared in this Journal,
both for non-relativistic and relativistic configurations ([3e6]). In
this work, we do not repeat the advantages of the SHM but we treat
a matter explicitly mentioned only by Mendoza et al. [6] although
well known for many practitioners of this approximation: for
neutrals and low-ionization degrees, the radial hydrogenic wave-
functions of the valence electrons are very different from Har-
treeeFock (HF) calculations.1 Although the author and the readers
of this journal are not, in general, interested in low ionization de-
grees, the failure of the SHM in this range leaves a bitter taste to the
atomic physicists.

Slater [7] noted that HF calculations can be qualitatively
expressed not as a hydrogenic function with effective charge Zeff,
but as a linear combination of Slater radial wavefunctions
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as can be viewed in the classical compilation of Clementi and Roetti
[8].2 In this work we used, for comparison, the quasi-relativistic
code with superposition of configurations by Cowan [9]. For
example, an approximate, highly qualitative representation of HF
P3s(r) can be given by

P3sðrÞzc1r exp ð � ðZ � s1sÞÞ þ c2r
2 exp ð � ðZ � s2sÞ=2Þ

þ c3r
3 exp ð � ðZ � s3sÞ=3Þ:

Indeed, radial orbitals obtained by the Cowan's code are
adjusted by expressions like Eq. (1) although the use of the double-
zeta basis set is clearly better, but not adapted for simple and rapid
calculations.

The mentioned bad behavior of the SHM for the valence elec-
trons has negative implications in the calculation of the transition
probabilities Aif (or the related weighted oscillator strengths gifif),
which need the calculation of integrals of the type

* Corresponding author.
E-mail address: hdirocco@exa.unicen.edu.ar (H.O. Di Rocco).

1 On the other hand, the core electrons are well described by the SHM.

2 The so called single zeta functions are rudimentary. However, the orbital ex-
ponents of a single zeta function are of physical interest, since they provide a simple
and quantitative description of the electron's screening.
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so the behavior of P(r) at large r values is of great importance. In the
above equation, we indicate the set of initial and final quantum
numbers, respectively: i≡(ni,li,ji), and f≡(nf,lf,jf).

Therefore, it is interesting to extend, if possible, the usefulness
of the SHM. This goal can be achieved through the use of a
parameter, widely used in Atomic Spectroscopy, based on the
hydrogenic formula for the binding energy, E¼�Z2/n2. Here, we
translate the empirical uses [10] to our case, where the numbers are
calculated without resort to experimental energy levels. That
parameter is called the effective principal quantum number
n*¼n�d, where d is the quantum defect. If EnlJ is the theoretical en-
ergy level calculated with respect to the ground level j0〉, I is the
ionization energy, TnlJ¼ I�EnlJ is the negative binding energy (also
called a term), Zc¼ Z�Nþ1 is the net charge, and Ry is the atomic
unit for the energy, equivalent to 13.6058 eV, allows defining,

n� ¼ n� dl ¼ Zc

ffiffiffiffiffiffiffi
Ry
TnlJ

s
: (3)

We introduces n*, because n* is used tomake other type of semi-
empirical radial wavefunction, due originally to Bates and Dam-
gaard (see x 2). Due to the heuristic use of these types of method-
ologies, we propose to use the SHM with the following steps: 1)
calculate, using the SHM, the values of Etot(atom) and Etot(ion) and,
therefore, I¼ Etot(atom)�Etot(ion),3 ii) calculate, using the SHM, the
required level values EnlJ for the atom, iii) define, for each EnlJ of
interest, the effective principal quantum number n* according to
Eq. (3), iv) use the n* values to obtain the radial wavefunction, well
behaved to large values of r, as will be explained below.

We do not show the behavior of the wavefunctions, because this
has been discussed byMendoza et al., but we do show the behavior
of the integrand of Eq. (2). The comparison with several typical
cases for the ground configurations of neutrals indicates that,
whereas for some cases (Ar I, N I) the results are poor, for other
cases they are good (Kr I); for excited states the results are clearly
better. The general conclusion is that we can use the screening
parameters for the calculation of energy levels and the quantum
defects for the calculation of dipolarmoments; the results aremuch
better than those using only the SHM.

It should be clear that in the present paper we do not present
any new method to calculate the snl’s (however, see Section x 2.1),
but we analyze the behavior of the integrals of the type 2 using
different approachs. All our data about energy values were
computed with the published constants from Mendoza et al. [6]
with no use of empirical data.

2. Theory

2.1. A very short review about the SHM

Along the years, a number of rules have been proposed to
compute the screening parameters snl, some are empirical (based
on the experimental energy levels) whereas others have been ob-
tained from numerical fittings from Self-Consistent calculations. Z-
independent screening constants were given by different authors,
the newer were published in this Journal in the Refs. [3e6]. How-
ever, the snl are parameters, more than constants; this is mandatory

to account the contraction of the orbitals for succesive Z' s in the
isoelectronic sequences.Wewill leave this very important topic to a
future work (in progress [11]) and, for the purposes of the present
paper, we can consider the snl as constants. The more refined
approach [11] is based in a serie of papers by Kregar [12] and one of
us (HODR [13]) and can be generalized to the relativistic treatment
of complex atoms and ions.While it is true that the use of screening
constants is immediate, the use of screening parameters gives better
agreement with experimental energy values. In fact, some authors
have indicated the Z dependence of the screening parameters, s(Z)
[14] [15].

The formulation of the SHM is easier in the non-relativistic
approach; the required generalization is immediate and will be
presented elsewhere [11]. According with Layzer [1], the total non-
relativistic energy can be written as the expansion

EðN; ZÞ ¼ Z2E0 þ ZE1 � E2 þ Z�1E3… (4)

where, exactly, using the Hartree as the energy unit (1Ht≡27.21 eV)

E0
Ht

¼ 〈J0jH0jJ0〉 ¼ �1
2

XN
i¼1

1
n2i

(5)

and

E1
Ht

¼ 〈J0jH1jJ0〉 ¼
1
2

X
i

wiðwi � 1Þfiig þ
X
i;j

wiwjfijg; (6)

where wi is the number of electrons in the shell i. E1 is given by the
sum of the average Coulomb energy for electron pairs {ij} evaluated
with hydrogenic wavefunctions with Z¼ 1. For equivalent and non-
equivalent orbitals, respectively,

fiig ¼ F0ðiiÞ �
X

fkF
kðiiÞ and fijg ¼ F0ðijÞ �

X
gkG

kðijÞ
(7)

being Fk(ab) and Gk(ab) the Slater integrals and fk and gk appropriate
coefficients [9].

If we restrict the expansion (4) up to E2, the total energy can be
written as

E
Ht

¼ �
X
n;l

wnlðZ � snlÞ2
2n2

(8)

where wnl is (changing mildly the notation) the number of elec-
trons in the (n,l) shell and snl is the corresponding screening
parameter. Comparing Eqs. (4) and (8), we find that the snl’s satisfy

E1
Ht

¼
X
n;l

wnl

n2
snl and

E2
Ht

¼
X
n;l

wnl

2n2
s2nl: (9)

We see that E1 can be calculated by two ways: in term of the
Slater integrals with Z¼ 1 or in terms of the snl’s. If we are capable of
select a good method for the snl’s calculations, the two values must
be nearly equal, specially for highly ionized atoms. Once the
screening constants are obtained application of the model is
particularly simple, with no further reference to wavefunctions.

The screening parameters are calculated in term of external and
internal screening parameters, gij and fji, respectively; when i¼ j,
fii¼ gii≡kii. The, taking into account all this, the effective charges are
given by3 In general, we will calculate I¼ Etot(Anþ)�Etot(A(nþ1)k).
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