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a b s t r a c t 

Unlike the even gravitational coefficients of Jupiter that are caused by both the rotational distortion and 

the equatorially symmetric zonal winds, the odd jovian gravitational coefficients are directly linked to 

the depth of the equatorially antisymmetric zonal winds. Accurate estimation of the wind-induced odd 

coefficients and comparison with measurements of those coefficients would be key to understanding the 

structure of the zonal winds in the deep interior of Jupiter. We consider two problems in connection 

with the jovian odd gravitational coefficients. In the first problem, we show, by solving the governing 

equations for the northern hemisphere of Jupiter subject to an appropriate condition at the equatorial 

plane, that the effect of non-spherical geometry makes an insignificant contribution to the lowermost- 

order odd gravitational coefficients. In the second problem, we investigate the effect of the equatorial 

smoothing used to avoid the discontinuity in the winds across the equatorial plane when the thermal 

wind equation is adopted to compute the odd gravitational coefficients. We reveal that, because of the 

dominant effect of the equatorial smoothing, the odd gravitational coefficients so obtained for deep zonal 

winds do not reflect physically realistic dynamics taking place in the deep interior of Jupiter. 

© 2016 Elsevier Inc. All rights reserved. 

1. Introduction 

The zonal external potential V g of the jovian gravitational field 

can be expanded in terms of the Legendre functions P n , 

V g = −GM 

r 

[ 

1 −
∞ ∑ 

n =2 

J n 

(
R e 

r 

)n 

P n ( cos θ ) 

] 

, r ≥ R e , (1) 

where M is Jupiter’s mass, n takes integer values, J 2 , J 3 , J 4 , J 5 , . . . , 

are the zonal gravitational coefficients, ( r, θ , φ) are spherical po- 

lar coordinates with the corresponding unit vectors ( ̂ r , ̂  θ, ̂  φ) and 

θ = 0 is at the axis of rotation, R e is the equatorial radius of 

Jupiter, and G is the universal gravitational constant ( G = 6 . 67384 ×
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10 −11 m 

3 kg 
−1 

s −2 ). Jupiter is rotating rapidly and its shape signif- 

icantly departs from spherical geometry: the eccentricity at the 

one-bar surface is E J = 0 . 3543 ( Seidelmann et al., 2007 ). Both the 

rotational distortion and the equatorially symmetric zonal winds, 

if sufficiently deep, contribute to the even gravitational coefficients 

J n with n ≥ 2 in (1) . Gravity measurements by the Juno space- 

craft provide only the total gravitational coefficients ( Bolton, 2005 ) 

and accurately identifying the wind-induced contribution from the 

measured values J n represents a difficult task. By contrast, the rota- 

tional distortion, because of its equatorial symmetry, does not con- 

tribute to the odd gravitational coefficients J n with n ≥ 3 in (1) . 

Hence, the odd gravitational coefficients are determined only by 

the equatorially antisymmetric zonal winds. These coefficients will 

be detectable by the high-precision gravitational measurements of 

the Juno spacecraft. 

There exist two studies concerned with estimating the odd 

gravitational coefficients of Jupiter from its equatorially antisym- 

metric zonal winds. Using the thermal wind equation in spheri- 

cal geometry, Kaspi (2013) calculated the gravitational signature 

induced by the equatorially antisymmetric zonal winds U ( r, θ ) in 
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the form 

U(r, θ ) = + u 0 (r sin θ ) e −(R S −r) /H , 0 ≤ θ ≤ π/ 2 ;
U(r, θ ) = −U(r, π − θ ) , π/ 2 < θ ≤ π, (2) 

where R S is the radius of the planet, s = r sin θ denotes the dis- 

tance from the rotation axis, u 0 ( r sin θ ) represents the equatori- 

ally antisymmetric component of the observed cloud-level zonal 

winds in the northern hemisphere extending into the equator on 

cylinders parallel to the rotation axis and H is a depth param- 

eter. Three important features should be highlighted: (i) U ( r, θ ) 

given by (2) is discontinuous across the equatorial plane, (ii) both 

U ( r, θ ) and its derivative ∂ U / ∂ θ are mathematically undefined at 

θ = π/ 2 , and (iii) since U ( r, θ ) is equatorially antisymmetric, it suf- 

fices to consider either the southern or northern hemisphere of the 

whole sphere. Kong et al. (2015b ) computed the odd gravitational 

coefficients induced by the deep equatorially antisymmetric zonal 

winds in an oblate spheroidal geometry ( Kong et al., 2015a ) by 

imposing the equatorially antisymmetric condition at the equato- 

rial plane and, then, solving the governing equations in the north- 

ern hemisphere. Note that the hemispheric model ( Kong et al., 

2015b ) has to assume that the antisymmetric wind velocities do 

not vary along z , the coordinate parallel to the rotation axis, in the 

non-equatorial regions while the thermal-wind-equation approach 

( Kaspi, 2013 ) does not need to make the z -independent assump- 

tion. Differences between the results of Kong et al. (2015b ) and 

Kaspi (2013) are large. For example, Kaspi (2013) obtained J 7 ≈
6 × 10 −7 for an asymptotically large H , while Kong et al. (2015b ) 

found that J 7 = −7 . 4 × 10 −7 ; there is also an O(100)% difference in 

the size of J 3 . Identifying the origin of such large differences is im- 

portant because the odd gravitational coefficients will play a key 

role in interpreting the high-precision gravitational measurements 

made by the Juno spacecraft. There are shortcomings of both the 

hemispheric barotropic model ( Kong et al., 2015b ) and the equato- 

rial smoothing model ( Kaspi, 2013 ) that will be discussed later. 

This study examines two possible effects that might be re- 

sponsible for causing such large differences. The first is the ef- 

fect of geometry—spherical versus non-spherical—that would cause 

some differences in the values of odd gravitational coefficients. We 

repeat the non-spherical computation performed by Kong et al. 

(2015b ) but with spherical geometry. It turns out that the ef- 

fect of non-spherical geometry contributes less than 10% to the 

lowermost-order odd gravitational coefficients. The second effect 

is more subtle and is concerned with how to smooth the equato- 

rially antisymmetric zonal winds which are assumed to be discon- 

tinuous across the equatorial plane ( Kaspi, 2013 ). When using the 

thermal-wind-equation approach, one has to compute ∂ U / ∂ θ near 

the equatorial plane where the derivative is discontinuous. In order 

to avoid the discontinuity, an equatorial smoothing that connects 

the northern profile [ U ( r, θ ) for 0 ≤ θ < π /2] with the southern 

profile [ U ( r, θ ) for π /2 < θ ≤ π ] in the equatorial region may be 

adopted such that ∂ U / ∂ θ can be conveniently evaluated there. By 

adopting the Gaussian smoothing function (for example, Lin et al., 

1999 ) in the equatorial region, we are able to reproduce the re- 

sults of Kaspi (2013) for the deep equatorially antisymmetric zonal 

winds. We show that the effect of equatorial smoothing—which 

results from an infinitely large shear assumed at the equatorial 

plane that, due to the action of jovian interior magnetic fields and 

viscosity, is physically and dynamically infeasible—is overwhelm- 

ingly dominant and, consequently, the odd gravitational coeffi- 

cients produced chiefly by equatorial smoothing have no physical 

significance. 

We begin in Section 2 by solving the governing equations in the 

northern hemisphere of Jupiter subject to an appropriate condition 

at the equatorial plane in spherical geometry in order to under- 

stand the geometric effect on the odd gravitational coefficients. The 

subtle but critically important effect of the equatorial smoothing 

on the odd gravitational coefficients is discussed in Section 3 with 

conclusions and some remarks given in Section 4 . 

2. Odd J n based on hemispheric computation 

Our model assumes that (i) Jupiter with mass M and the ra- 

dius R S is isolated and rotating about the symmetry z -axis with 

an angular velocity �ˆ z ; (ii) the effect of the rotational distortion 

on estimating the odd gravitational coefficients can be neglected; 

(iii) Jupiter is axially symmetric and consists of a compressible 

barotropic fluid (a polytrope of index unity) whose density ρ is 

a function only of the pressure p ( Hubbard, 1999 ), and (iv) the 

zonal winds observed on Jupiter have an equatorially antisymmet- 

ric component that depends only on distance s from the rota- 

tion axis and extends from the cloud level to the equatorial plane, 

which represents the large H limit in the profile (2) . In an inertial 

frame of reference, the equilibrium equations are 

u · ∇ u = − 1 

ρ
∇ p − ∇ V g , (3) 

p = Kρ2 , (4) 

∇ 

2 
V g = 4 πGρ, (5) 

∇ · ( u ρ) = 0 , (6) 

where K is a constant, u denotes the fluid motion and V g repre- 

sents the gravitational potential. Eqs. (3) –(6) are solved subject to 

the boundary condition 

p(r, θ ) = ρ(r, θ ) = 0 at r = R s , (7) 

where the effect of the rotational distortion is neglected. Since the 

wind speed is much smaller than that of the solid-body rotation, 

we can solve Eqs. (3) –(6) by making the expansions 

ρ = ρ0 + ρ1 , p = p 0 + p 1 , u = �ˆ z × r + ̃

 U (r, θ ) ̂  φ, (8) 

where ˜ U (r, θ ) ̂  φ, displayed in Fig. 1 , represents the observed cloud- 

level, equatorially antisymmetric zonal winds ( Porco et al., 2003 ) 

extending into the equatorial plane on cylinders parallel to the ro- 

tation axis. 

While the leading-order problem for ρ0 and p 0 can be solved 

analytically in spherical geometry, our focus is on computing the 

lowermost odd zonal gravitational coefficients J 3 , J 5 , J 7 in the ex- 

pansion (1) induced by the deep equatorially antisymmetric winds ˜ U (r, θ ) satisfying ˜ U (r, θ ) = −˜ U (r, π − θ ) for 0 ≤ θ < π/ 2 . (9) 

The equatorially antisymmetric winds only drive the density 

anomaly ρ1 obeying the parity 

ρ1 (r, θ ) = −ρ1 (r, π − θ ) , 

which only produces the odd gravitational coefficients J n . In addi- 

tion to the boundary condition at the spherical surface 

Fig. 1. The equatorially anti-symmetric jovian zonal winds ˜ U (r, θ ) in the north- 

ern hemisphere obtained by extending the observed cloud-level zonal winds ( Porco 

et al., 2003 ) into the interior on cylinders parallel to the rotation axis. The antisym- 

metric zonal winds in the southern hemisphere are given by −˜ U (r, π − θ ) . 
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