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a b s t r a c t

It is shown that the Imry-Ma theorem stating that in space dimensions d < 4 the introduction of an arbi-
trarily small concentration of defects of the ‘‘random local anisotropy” type in a system with continuous
symmetry of the n-component vector order parameter (O(n) model) leads to the long-range order col-
lapse and to occurrence of a disordered state, is not true if an anisotropic distribution of the defect-
induced random easy axes directions in the order parameter space creates a global anisotropy of the
‘‘easy axis” type. For a weakly anisotropic distribution of the easy axes, in space dimensions 2 � d < 4
there exists some critical defect concentration, when exceeded, the inhomogeneous Imry-Ma state can
exist as an equilibrium one. At lower defect concentration the long-range order takes place in the system.
For a strongly anisotropic distribution of the easy axes, the Imry-Ma state is suppressed completely and
the long-range order state takes place at any defect concentration.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

In their classical paper [1] Imry and Ma arrived at the conclu-
sion that in space dimensions d < 4 the introduction of an arbitrar-
ily small concentration of impurities of the ‘‘random local field”
type into a system with continuous symmetry of the n-
component vector order parameter (O(n)-model) leads to the
long-range order collapse and to the occurrence of a disordered
state, which in what follows will be designated as the Imry-Ma
state. Later on their arguments were extended to impurities of
the ‘‘random local anisotropy” type [2,3].

On a consideration of the amorphous magnetic with similar
impurities near a phase transition [4] the statement was formu-
lated that the disorder isotropy is an exacting requirement for
the Imry-Ma disordered state occurrence.

The goal of the present paper is formulating the conditions for
the occurrence of the Imry-Ma disordered state depending on the
degree of anisotropy of the distribution of local anisotropy easy
axes directions in the order parameter space.

2. Energy of a system of classical spins

The exchange-interaction energy of n-component localized unit
(a vector length can be included to corresponding interaction or

field constants) spins si comprising the simple cubic d-
dimensional lattice, within the nearest neighbors approximation,
has the form

Wex ¼ �1
2
J
X
i;d

sisiþd; ð1Þ

where J is the exchange interaction constant, the summation in i is
performed over the whole spin lattice, and the summation in d is
performed over the nearest neighbors.

The energy of interaction between the spins and ‘‘random local
anisotropy” type defects is

Wdef ¼ �1
2
K0

X
l

ðslnlÞ2: ð2Þ

Here K0 > 0 is the random anisotropy constant, the summation is
performed over defects randomly located in the lattice sites, and
nl is a unit vector prescribing the random easy axis direction.

Turning to the continuous distribution of the order parameter s
(r), let the inhomogeneous exchange energy be introduced in the
form [5]

Wex ¼ D
2

Z
ddr

@s?

@xi

@s?

@xi
; ð3Þ

where D = Jb2-d, b is the interstitial distance, and s?ðrÞ is the order
parameter component orthogonal to its mean direction s0.
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3. Imry and Ma arguments

Let us reproduce the arguments by Imry and Ma [1] as applied
to impurities of the ‘‘random local anisotropy” type [6]. In the case
of substantially non-collinear distribution of local easy axes direc-
tions in the order parameter space, the impurities with a particular
direction of their easy axes dominate in a system volume with
some characteristic dimension L due to concentration fluctuations,
and thus a certain averaged anisotropy arises, the corresponding
constant is

KL � K0
ffiffiffi
x

p b
L

� �d=2

; ð4Þ

where x is the dimensionless concentration of impurities (the num-
ber of impurities per a unit cell). If the order parameter vector fol-
lows the space fluctuations of the easy axis directions, then it takes
place a gain in the volume anisotropy energy density comparing to
a homogeneous state. The addition to the volume energy density
comprises the quantity of the following order

wfl � �KL

bd
� �K0

ffiffiffi
x

p ðbLÞ�d=2 / L�d=2: ð5Þ

Due to a subsequent inhomogeneity in the order parameter the
volume density of the exchange energy increases by the value

wex � J

bd�2L2
/ L�2: ð6Þ

Hence for the space dimension d < 4 the long-wave (corre-
sponding to big L) fluctuations of the order parameter direction
become energetically favorable and the Imry-Ma disordered state
arises. The optimum size L� corresponding to a minimum overall
energy density w ¼ wfl þwex equals

L� � b
J2

xK2
0

 ! 1
4�d

: ð7Þ

For the Imry-Ma state the addition to the volume density of the
ordered state energy is

w � �K0

bd
x

2
4�d

K0

J

� � d
4�d

: ð8Þ

In the case of perfectly isotropic distribution of easy axes direc-
tions in the order parameter space, the arguments presented above
are not objectionable.

4. Global anisotropy

The anisotropy contribution to the volume energy density linear
in the anisotropy constant K0 is

wð1Þðs0Þ ¼ � xK0

2bd
hðs0nlÞ2i; ð9Þ

where the brackets < > denote averaging over the whole set of
defects. If the global anisotropy to the first order in K0 is absent, that
is subject to the condition wð1Þðs0Þ ¼ const, one should take account
of the order parameter inhomogeneity induced by random aniso-
tropy and calculate the energy contribution quadratic (or higher
power) of the constant K0. Actually the expansion is performed in
terms of a small parameter K0=J. We neglect the longitudinal sus-
ceptibility of the system at low temperatures, much smaller than
the temperature of magnetic ordering.

The presence of random anisotropy leads to a local deviation of
the order parameter from its mean value and to the appearance of
the component s?ðrÞ orthogonal to s0. The order parameter to the
linear in s?ðrÞ approximation can be represented as

sðrÞ ¼ s0 þ s?ðrÞ ð10Þ
where js0j 6 js?ðrÞj. By substituting this expression to Eq. (2), we
obtain linear in s?ðrÞ and quadratic in K0 (as we shall see subse-
quently) summand to Wdef

W ð2Þ
def ¼ �b�d

Z
ddrKðrÞðs0nðrÞÞðs?ðrÞnðrÞÞ; ð11Þ

where KðrÞ ¼ K0b
dP

ldðr� rlÞ and rl is the defect radius-vector. The
quantity KðrÞðnðrÞs0ÞnðrÞ plays the role of an effective random field
that acts on a spin. This field component h?

eff ðrÞ orthogonal to s0 is

h?
eff ðrÞ ¼ KðrÞðs0nðrÞÞ½nðrÞ � s0ðs0nðrÞÞ�: ð12Þ
The Fourier component s?ðkÞ is related to the Fourier compo-

nent of the effective random field h?
eff ðkÞ

s?ðkÞ ¼ v?ðkÞh?
eff ðkÞ ð13Þ

where v?ðkÞ is the Fourier component of the corresponding suscep-
tibility of the spin system.

Substitution of the expression for s?ðrÞ into Eq. (11) gives the
quadratic in K0 contribution to volume density of the interaction
energy

wð2Þ
def ¼ �xK2

0
~v?½hðs0nlÞ2i � hðs0nlÞ4i� ð14Þ

where

v
�? ¼

Z
ddk

ð2pÞd
v?ðkÞ; ð15Þ

and summation over k is performed over the Brillouin zone
If wð1Þðs0Þ ¼ const, then the second summand in the right-hand

side of Eq. (14) describes the global anisotropy of the system.
The quadratic in K0 contribution of the inhomogeneous exchange

energy (3) to the volume energy density can be found in the similar
way, by substituting the expression for s?ðrÞ into Eq. (3). Such a con-
tribution appears to be of the opposite sign and one half in magni-

tude as to wð2Þ
def given by Eq. (14). Therefore the resulting volume

density of the anisotropy energy takes the form

wð2Þ ¼ � x~v?K2
0

2
½hðs0nlÞ2i � hðs0nlÞ4i� ð16Þ

The following value is taken as a global anisotropy constant Keff

Keff ¼ 2bd ðwð1Þ þwð2ÞÞmax � ðwð1Þ þwð2ÞÞmin

� �
; ð17Þ

where wmax and wmin are maximum and minimum values of
wð1Þ þwð2Þ as a function of vector s0 direction.

For space dimensions 2 < d < 4, one can use the susceptibility of
the pure system for the quantity v?ðkÞ and the quantity ~v? has no
peculiarities at k = 0. A specific feature of two-dimensional models
is the absence of the long-range order in a pure system at finite
temperature, and so one has to anticipate the existence of the
long-range order induced by random local anisotropy axes and
solve a self-consistent problem [7].

Since under the influence of random field the order parameter
deviates from the easy direction to the hard one, the expression
for v?ðkÞ takes the form

v?ðkÞ ¼ ðJb2k2 þ Keff Þ
�1
: ð18Þ

It can be easily seen that Keff cuts the divergence of ~v? at small k
values which bring the main contribution to ~v? for d = 2. As the
result we obtain

~v? ¼ 1

4pb2J
ln

4pJ
Keff

: ð19Þ
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