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a b s t r a c t

Properties of active colloids of circle swimmers are reviewed. As a particular example of active magnetic
colloids the magnetotactic bacteria under the action of a rotating magnetic field is considered. The
relation for a diffusion coefficient due to the random switching of the direction of rotation of their rotary
motors is derived on the basis of the master equation. The obtained relation is confirmed by the direct
numerical simulation of random trajectory of a magnetotactic bacterium under the action of the Poisson
type internal noise due to the random switching of rotary motors. The results obtained are in qualitative
and quantitative agreement with the available experimental results and allow one to determine the
characteristic time between the switching events of a rotary motor of the bacterium.

& 2014 Elsevier B.V. All rights reserved.

0. Introduction

Properties of random trajectories of the so-called circle swimmers
have been studied by various groups of researchers [1–5]. Various
kinds of these swimmers and their properties have been investi-
gated. Effective diffusion coefficients of circle swimmers subjected to
thermal noise are calculated in [1,2]. Circle swimmers with an
asymmetric L-shape self-propelling due to the self-phoresis at
illumination by light were synthesized and studied in [4]. Circular
dynamics of slightly bent self-propelling rods switching their direc-
tion of circulation due to thermal fluctuations are studied in [5].

A specific example of circle swimmers is magnetotactic bacteria,
which in a rotating magnetic field in the absence of noise moves
along circular trajectories, if the frequency of the rotating field is less
than a critical value [6]. A random walk of the centers of circular
trajectory is observed due to random switching of the direction of
rotation of their flagella [6,7]. Here the properties of this random
walk are studied on the basis of the master equation [5,8] for the
probability density distribution function f ð x!; n!; tÞ of position of the
bacterium x! and direction of its magnetic moment n!. Bacteria
moves in n! direction or opposite to it. It is illustrated that this
method may be applied also to circle swimmers of other types.

1. Master equation

Let us consider magnetotactic bacteria which moves in the
direction of their magnetic moment n! or opposite to it due to
random switching of the direction of rotation of a rotary motor.
Since in the synchronous regime the magnetic moment rotates
synchronously with the field, so does the velocity of the

bacterium. The master equation accounting for a random switch-
ing rate λ of the direction of a rotary motor rotation reads

∂f ð x!; n!; tÞ
∂t

¼ �∂ðv n!f ð x!; n!; tÞÞ
∂ x!

�∂ðω!� v!f ð x!; n!; tÞÞ
∂ v!

�λf ð x!; n!; tÞþλf ð x!; � n!; tÞ: ð1Þ

Taking into account that v!� ∂=∂ v!¼ ∂=∂ϑ, where v!¼ v n!¼
vð cos ϑ; sin ϑÞ, Eq. (1) may be rewritten for the two-
dimensional case in a more simple way as follows:

∂f ð x!; n!; tÞ
∂t

¼ �∂ðv n!f ð x!; n!; tÞÞ
∂ x!

�ω
∂ðf ð x!; n!; tÞÞ

∂ϑ

�λf ð x!; n!; tÞþλf ð x!; � n!; tÞ: ð2Þ

There are several possible ways to analyse the properties of
random trajectories of these circle swimmers. A simple approach
is based on the derivation from (2) of a closed set of equations for
several moments characterizing their distribution 〈 x!2

〉; 〈 x! n!〉;

〈 x! d n!=dϑ〉. It reads

d〈 x!2
〉

dt
¼ 2v〈 x! n!〉;

d〈 x!n!〉

dt
¼ vþω x!d n!

dϑ

* +
�2λ〈 x! n!〉;

d
dt

x!d n!
dϑ

* +
¼ �ω〈 x! n!〉�2λ x!d n!

dϑ

* +
: ð3Þ

In order to derive a set of equations (3) the condition of normal-
ization

R
f ð x!; n!; tÞ d x! d2 n!¼ 1 and the relation d2 n!=dϑ2 ¼ � n!

are used. Since the set (3) is closed it is possible to obtain an
analytical solution for 〈 x!2

〉, which characterizes the random
process of the particle diffusion.
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The stationary solution for the moments 〈 x! n!〉; x!d n!
dϑ

� �
reads

〈 x! n!〉¼ 2vλ
ð2λÞ2þω2

; ð4Þ

x!d n!
dϑ

* +
¼ � vω

ð2λÞ2þω2
: ð5Þ

Relations (4) and (5), as a result, give

d〈 x!2
〉

dt
¼ 4

v2λ
ð2λÞ2þω2

: ð6Þ

Taking into account 2D character of particle motion, absence of
cross-correlation 〈xy〉 in the stationary case and 〈x2〉¼ 〈y2〉 due to
the symmetry, for the diffusion coefficient we have

D¼ v2λ
ð2λÞ2þω2

: ð7Þ

In the limit ω-0 we have

D¼ v2

4λ
: ð8Þ

Introducing as a characteristic time of tumbling τs ¼ λ�1 relation
(8) reads

D¼ v2τs
4

: ð9Þ

It coincides with the expression for the diffusion coefficient of
tumbling bacterium [9] with 〈 cos δ〉¼ �1, where δ is the angle by
which the bacterium changes the direction of motion after a
tumbling event. Since in our case direction of the bacterium
motion changes to the opposite we have 〈 cos δ〉¼ �1. In the limit
of high frequency for the diffusion coefficient we have D¼ r20=τs,
where r0 is the radius of a circular trajectory, which coincides with
the expression of the diffusion coefficient in the elementary theory
of Brownian motion [10].

2. Circle swimmer and thermal noise

We should remark that besides the diffusion due to random
switching of the rotary motor of the bacterium there is also
thermal noise due to fluctuating forces and torques. This problem
is considered in [1,2]. In [1,2] calculation is carried out by using
time-correlation functions. We will illustrate further that the
diffusion coefficients of torqued swimmers may be calculated in
a similar fashion as above on the basis of the Fokker–Planck
equation for the joint distribution function of the position and
orientation of the swimmer f ð r!; n!; tÞ
∂f
∂t

¼ �∂ðv n!f Þ
∂ x!

�ω!K
!

n!f þDR K
!2

n!f þD
∂2f

∂ x!2 ð10Þ

where K
!

n!¼ n!� ∂=∂ n! is the operator of infinitesimal rotations
and D and DR are the translational and rotational diffusion
coefficients respectively. In 3D case the following closed set of
equations for the moments may be obtained

d〈 x!2
〉

dt
¼ 2v〈 x! n!〉þ6D;

〈x2z 〉
dt

¼ 2Dþ2v〈xznz〉;

d〈 x! n!〉

dt
¼ vþω〈ð n!� x!Þz〉�2DR〈 x

! n!〉;

d〈xznz〉

dt
¼ v〈n2

z 〉�2DR〈xznz〉;

d〈n2
z 〉

dt
¼ 2DR�6DR〈n2

z 〉;

d〈ð n!� x!Þz〉
dt

¼ �2DR〈ð n!� x!Þz〉�ω〈 x! n!〉þω〈xznz〉: ð11Þ

In the stationary case we have

〈n2
z 〉¼ 1

3 ;

〈nzxz〉¼
v

6DR
;

〈 x! n!〉¼ vð1þðω=ð2DRÞ2=3
ω2=ð2DRÞ

þ2DR;

d〈x2z 〉
dt

¼ 2Dþ v2

3DR
;

d〈 x!2
? 〉

dt
¼ 4Dþ 2v2

3DRð1þðω=ð2DRÞÞ2
: ð12Þ

This gives, in agreement with [2],

D J ¼Dþ v2

6DR
ð13Þ

and

D? ¼Dþ v2

6DRð1þðω=ð2DRÞÞ2
: ð14Þ

Similar to (14) relation in 2D case, up to our knowledge, was for
the first time obtained in [1].

We see that the frequency dependence of the diffusion coeffi-
cient is similar to the one for the magnetotactic bacterium under
the action of the Poisson like noise. The role of the switching rate λ
is determined in this case by the rotary diffusion coefficient of
the swimmer DR. Taking for the rotational drag coefficient of the
bacterium the value 2:4� 10�12 erg s [6] we may estimate the
characteristic switching rate due to the rotational diffusion as
0:017 s�1, which is much less than expected due to the switching
of the rotary motors of a bacterium. This shows that random
trajectories observed in [6] of bacteria in a rotating field are due to
the random switching of rotary motors and not due to the random
thermal noise. Another evidence for this comes from direct
comparison of the trajectory observed in the experiment (see
[6, Fig. 11]) and trajectory obtained numerically as described in [7]
and shown in Fig. 1. Parameters used in generating the trajectory

Fig. 1. Generated random trajectory of the bacterium. Line thickness is propor-
tional to the number of full turns before switching of the swimming direction.
Coordinates are shown in pixels. 18 pixels¼ 3:2 μm. See [6, Fig. 11] for a qualitative
and quantitative comparison.
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