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a b s t r a c t

We have investigated the influence of the exchange anisotropy parameter on the magnetization, critical
and compensation temperatures and susceptibility of the anisotropic Heisenberg ferrimagnetic system
with the single-ion anisotropy under an external magnetic field using the double-time temperature-
dependent Green's function theory. In order to decouple the higher order Green's functions, Anderson-
Callen's decoupling and random phase approximations have been used. This model is useful for
understanding the temperature dependence of total magnetization of Lithium-chromium ferrites
Li0.5Fe1.25Cr1.25O4 for which negative magnetization is characteristic. We observe that the critical
temperature increases when the exchange anisotropy increases. When the system is under an external
magnetic field, one obtains the first-order phase transition where the magnetization jumps for all the
values of the exchange anisotropy parameters.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, the ferrimagnets have been studied both experi-
mentally [1–9] and theoretically [10–20]. One of the most interesting
properties of ferrimagnets is that they exhibit a compensation
temperature. The different behaviors of temperature dependences
of the sub-lattice magnetization are the main cause of the appear-
ance of compensation temperature. At the temperatures below
critical temperature Tc, if the magnetizations of two sub-lattices are
equal but in opposite directions, then the total magnetization
becomes zero. One calls the compensation temperature Tcomp where
total magnetization vanishes but sub-lattice magnetizations have
equal and opposite non-zero values [1]. This property in ferrimagnets
has various technological applications such as magneto-optical
recording [21]. Compounds having spinel structure (AB2O4) order
ferrimagnetically at Tc. FeCr2S4 with a cubic spinel structure is a
typical example for these compounds. It has two different magnetic
sublattices (Fe, S¼2; Cr, S¼3/2). Fe2+ ions occupy at A sites and Cr3+

ions at B sites. The magnetic interaction between Cr3+ ions is
ferromagnetic and Fe2+ ions are coupled with the Cr3+ ions with
antiferremagnetic interaction. FeCr2S4 displays an orbital order phase
transition [22]. Lithium-chromium ferrites Li0.5Fe1.25Cr1.25O4 exhibit-
ing the compensation point Tcomp¼310 K and the critical tempera-
ture Tc¼500 K have shown the magnetic reversal behavior [23,24].

Experiments have demonstrated that there exists an anisotropy
field in magnetic materials. The anisotropy plays an important part in
the magnetic properties of these substances [25–30]. The spontaneous

magnetization for a ferromagnetic film and a bulk crystal will occur
only when there is certain anisotropy [31,32]. Anisotropic Heisenberg
model with and without the single-ion anisotropy have been
investigated by using the various theoretical methods for the
ferromagnetic, antiferromagnetic and ferrimagnetic systems [33–
46]. Magnetization of an anisotropic Heisenberg model in these
systems can be described also by the double-time temperature-
dependent Green's function technique [47–56]. In this method, in
reducing the higher-order Green's functions into the lower ones, one
obtains an infinite hierarch of coupled nonlinear differential equa-
tions. The coupled equations derived from the equation of motion
transformed to uncoupled equations using appropriate decoupling
approximations and then solve the uncoupled equations. Decoupling
is not a systematic method, but provides a fundamental manner in a
wide range of temperature with reasonable accuracy. We use
Anderson–Callen's decoupling [57] and random phase approxima-
tions [58–60].

In this work, we apply the formalism of the double-time
temperature-dependent Green's function to study the magnetic
properties of a mixed spin-3/2 and spin-2 anisotropic Heisenberg
ferrimagnetic model with the single-ion anisotropy in the presence
of an external magnetic field. The outline of this paper is arranged as
follows. A formulation of the problem is presented in Section 2.
In Section 3, the results and discussions are given. Finally, Section 4
contains conclusions.

2. Model

We consider the mixed spin-3/2 and spin-2 anisotropic Heisenberg
ferrimagnetic model on a square lattice divided into two equivalent
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sub-lattices A and B. Both sub-lattices are also again a square lattice.
We assume the Hamiltonian as follows:

H¼�∑
ijh i
Jij½ ηðSxaiSxbj þ SyaiS

y
bjÞ þ SzaiS

z
bj�

�∑
ii0h i
Jii0 ½ηðSxaiSxbi0 þ SyaiS

y
bi0 Þ þ SzaiS

z
ai0 �

�∑
jj0h i
Jjj0 ½ ηðSxbjSxbj0 þ SybjS

y
bj0 Þ þ SzbjS

z
bj0 �

�Da ∑
i
ðSzaiÞ2�Db ∑

j
ðSzbjÞ2 �h ð∑

i
Szai þ∑

j
SzbjÞ; ð1Þ

where the subscripts i and j label lattice sites. ai refers to the lattice site
i in the sub-lattice A (spin-3/2) and bj refers to the sub-lattice site j in
the sub-lattice B (spin-2). Sxai, S

y
ai, S

z
ai represent the three components

of the Heisenberg spin operators for a spin at i site in sub-lattice A and
Sxbj, S

y
bj, S

z
bj for a spin at j site in sub-lattice B. J is the exchange

interaction between the nearest-neighbor spins Sai and Sbj and in the
case of antiferromagnetic interaction, Jo0. J1 is the exchange interac-
tion between the next-nearest-neighbor spins Sai and Sai0 and in the
case of ferromagnetic, J140. J2 is the exchange interaction between
the next-nearest-neighbor spins Sbj and Sbj0 in the case of ferromag-
netic, J240. η denotes the degree of the exchange anisotropy varying
from 0 to 1. Dα is the single-ion anisotropy parameter of the sub-lattice
A and Db is that of the sub-lattice B. Finally, h is an external magnetic
field applied along the z-axis.

It is convenient to introduce the spin raising and lowing
operators: S7

i ¼ Sxi 7 iSyi which satisfy the commutation relations
½Sþai; S�bj� ¼ 2Szaiδijδab and ½S7

ai ; S
z
bj� ¼∓S7

ai δijδab. Then, Hamiltonian
given in the Eq. (1) can be rewritten as

H¼�J∑
ijh i

η
2ðSþaiS�bj þ S�aiS

þ
bjÞ þ SzaiS

z
bj

h i

�J1 ∑
ii0h i

η
2ðSþaiS�ai0 þ S�aiS

þ
ai0 Þ þ SzaiS

z
ai0

� �

�J2 ∑
jj0h i

η
2ðSþbjS�bj0 þ S�bjS

þ
bj0 Þ þ SzbjS

z
bj0

h i

�Da ∑
i
ðSzaiÞ2�Db ∑

j
ðSzbjÞ2 �hð∑

i
Szai þ∑

j
SzbjÞ: ð2Þ

In order to study the magnetic properties of the model, we use the
many-body Green's function theory. Green's functions should be
chosen as follows:

GaaðtÞ ¼ 〈〈SþaiðtÞ;Balð0Þ〉〉 and GbaðtÞ ¼ 〈〈SþbjðtÞ;Balð0Þ〉〉 ð3Þ

GbbðtÞ ¼ 〈〈SþbjðtÞ;Bblð0Þ〉〉 and GabðtÞ ¼ 〈〈SþaiðtÞ;Bblð0Þ〉〉 ð4Þ

where Bl ¼ eaS
z
l S�l , α is a Callen's parameter [61].

Time evaluation of the Green's functions follows from their
equations of motion. The equations of motion for the four Green's
functions are obtained as

ω 〈〈Sþai;Bal〉〉¼
δil
2π

〈 Sþai; e
aSzal S�al

h i
〉�Jη∑

ijh i
〈〈SzaiS

þ
bj;Bal〉〉

þJ∑
ijh i
〈〈SþaiS

z
bj;Bal〉〉

�J1η∑
〈ii′〉

〈〈SzaiS
þ
ai′;Bal〉〉þ J1∑

〈ii′〉
〈〈SþaiS

z
ai′Þ;Bal〉〉

þDa〈〈ðSþaiSzai þ SzaiS
þ
aiÞ;Bal〉〉þ h〈〈Sþai;Bal〉〉; ð5Þ

ω 〈〈Sþbj;Bal〉〉¼�Jη∑
ijh i
〈〈SzbjS

þ
ai;Bal〉〉þ J∑

ijh i
〈〈SþbjS

z
ai;Bal〉〉

�J2η∑
〈jj′〉

〈〈SzbjS
þ
bj′;Bal〉〉þ J2∑

〈jj′〉
〈〈SþbjS

z
bj0 ;Bal〉〉

þDb〈〈ðSþbjSzbj þ SzbjS
þ
bjÞ;Bal〉〉þ h〈〈Sþbj;Bal〉〉; ð6Þ

ω 〈〈Sþbj;Bbl〉〉¼
δjl
2π

〈 Sþbj; e
aSzbl S�bl

h i
〉�Jη∑

ijh i
〈〈SzbjS

þ
ai;Bbl〉〉

þJ∑
ijh i
〈〈SþbjS

z
ai;Bbl〉〉

�J2η∑
〈jj′〉

〈〈SzbjS
þ
bj0 ;Bbl〉〉þ J2∑

〈jj′〉
〈〈SþbjS

z
bj0 Þ;Bbl〉〉

þDb〈〈ðSþbjSzbj þ SzbjS
þ
bjÞ;Bbl〉〉þ h〈〈Sþbj;Bbl〉〉; ð7Þ

ω 〈〈Sþai;Bbl〉〉¼�Jη∑
〈ij〉
〈〈SzaiS

þ
bj;Bbl〉〉þ J∑

〈ij〉
〈〈SþaiS

z
bj;Bbl〉〉

�J1η∑
〈ii′〉

〈〈SzaiS
þ
ai0 ;Bbl〉〉þ J1∑

〈ii′〉
〈〈SþaiS

z
ai0 Þ;Bbl〉〉

þDa〈〈ðSþaiSzai þ SzaiS
þ
aiÞ;Bbl〉〉þ h〈〈Sþai;Bbl〉〉; ð8Þ

where δ is Dirac's delta function and o…4 denotes the canonical
thermal average. We have taken the value of ℏ as unit.

In the equations of motion, the higher-order Green's functions
will appear. The Green's functions coming from the exchange
terms can be decoupled by using random phase approximation
[58–60]

〈〈SzaiS
þ
bj;Bl〉〉≅〈S

z
ai〉〈〈S

þ
bj;Bl〉〉; ð9Þ

Random phase approximation is not an appropriate decoupling
for the Green's functions coming from the single-ion anisotropy.
For these kinds of decoupling, we perform a generalization of the
Anderson and Callen's decoupling schema [57]

〈〈ðSþaiSzai þ SzaiS
þ
aiÞ;Bl〉〉≅τa〈〈S

þ
ai;Bl〉〉 and

〈〈ðSþbjSzbj þ SzbjS
þ
bjÞ;Bl〉〉≅τb〈〈S

þ
bj;Bl〉〉; ð10Þ

where

τa ¼ 2ma 1� 1

2S2a
SaðSa þ 1Þ�Qa½ �

( )
and τb ¼ 2mb 1f

� 1

2S2b
SbðSb þ 1Þ�Qb½ �

)
: ð11Þ

wheremα, mb stand for the spontaneous magnetization of the sub-
lattices A and B, respectively. Qα and Qb stand for the averages of
square of the magnetizations called the quadrupolar moments of
the sub-lattices A and B, respectively.

After Fourier transforming these equations with respect to the
space and time variables, we obtain the following Green's func-
tions

Gaaðω;KÞ ¼
ΘaaðaÞ

2πðEþ�E�Þ
Eþ�C�h
ω�Eþ

� E��C�h
ω�E�

� �
; ð12Þ

Gbbðω;KÞ ¼
ΘbbðaÞ

2πðEþ�E�Þ
Eþ�A�h
ω�Eþ

� E��A�h
ω�E�

� �
; ð13Þ

where

ΘaaðaÞ ¼ 〈 Sþai; e
aSzai S�ai

h i
〉 and ΘbbðaÞ ¼ 〈 Sþbj; e

aSzbj S�bj
h i

〉;

E7 ¼ 1
2

ðAþ C þ 2hÞ7 ½ðA�CÞ2 þ 4BD�1=2
n o

;

A¼Daτa þ J∑〈ij〉mb þ J1∑〈ii′〉ma½1�ηexpðik:ði′�iÞÞ�;
B¼�Jη∑〈ij〉maexpðik:ðj�iÞÞ;
C ¼Dbτb þ J∑〈ij〉ma þ J2∑〈jj′〉mb½1�ηexpðik:ðj′�jÞÞ�;
D¼�Jη∑〈ij〉mbexpðik:ðj�iÞÞ: ð14Þ

One obtains the magnetizations and quadrupolar moments of
the sub-lattices A and B by means of the spectral theorem and
Callen's technique [61] as follows:

mν ¼
ðSν�ΦνÞð1þ ΦνÞ2Sνþ1 þ ðSν þ 1þ ΦνÞΦν

2Sνþ1

ð1þ ΦνÞ2Sνþ1�Φν
2Sνþ1

; ð15Þ
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