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(1 + n)-Dimensional Burger method and differential transform method to obtain a closed form solution of the (1 + n)-dimen-
equation; sional Burgers’ equation. These methods consider the use of the initial or boundary conditions and
Homotopy perturbation find the solution without any discritization, transformation, or restrictive conditions and avoid the
method; round-off errors. Four numerical examples are provided to validate the reliability and efficiency of
Adomian decomposition the three methods.
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1. Introduction Eq. (1) is also known as Richard’s equation, which is used

in the study of cellular automata, and interacting particle sys-
tems. Eq. (1) describes the flow pattern of the particle in a lat-
tice fluid past an impenetrable obstacle [1,2]; it can be also used
Ou —y @_'_ o @_‘_ o @—i- OIS @—F [3142 (1) as a model to describe the water flow in soils.
ar o o3 T o " ox2 Ox;’ One and two dimensional Burgers’ equations are quite fa-
mous in wave theory, which has applications in gas dynamics
[3] and in plasma physics. Due to its broad range of applica-
U(X1, X2, X3, 05 X, 0) = 1o (X1, X2, X3, ..., Xi), (2) tions, various studies have been made to generalize it to higher
dimensions.
In the past few decades, traditional integral transform
methods such as Fourier and Laplace transforms have com-

Consider the (1 + n)-dimensional Burgers’ equation

under the initial condition

where o, i = 1, 2, 3, ..., n, and f are constants.
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Peer review under responsibility of Ain Shams University. which are easier to deal with. However, these integral trans-

form methods are more complex and difficult when applying
to nonlinear problems. Homotopy perturbation method
SLSEVIER Production and hosting by Elsevier (HPM) is a new analytical method which was firstly proposed
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by He [4-6] to solve linear and nonlinear differential equations.
The method is a coupling of the traditional perturbation meth-
od and homotopy in topology. HPM deforms a difficult prob-
lem into a simple problem which can be easily solved. It is the
most effective and convenient method for both linear and non-
linear equations. Unlike the traditional numerical methods,
homotopy perturbation method does not need linearization,
discretization, or any other transformation; large computa-
tional work and round-off errors are avoided. It has fast con-
vergence and high accuracy. Most perturbation methods
assume a small parameter exists, but most of the nonlinear
problems do not have small parameter at all. Many new meth-
ods have been proposed to eliminate the small parameter. Re-
cently, the applications of homotopy theory among researchers
and scientists appeared, and the homotopy theory becomes a
powerful mathematical tool, when it is successfully coupled
with perturbation theory.

Adomian decomposition method (ADM), which was intro-
duced by Adomian [7], is a semi-numerical technique for solv-
ing linear and nonlinear differential equations by generating a
functional series solution in a very efficient manner. The meth-
od has many advantages: it solves the problem directly without
the need for linearization, perturbation, or any other transfor-
mation; it converges very rapidly and is highly accurate.

Differential transform method (DTM), which was first ap-
plied in the engineering field by Zhou [8], has many advanta-
ges: it solves the problem directly without the need for
linearization, perturbation, or any other transformation.
DTM is based on the Taylor’s series expansion. It constructs
an analytical solution in the form of a polynomial. It is differ-
ent from the traditional high order Taylor series method,
which needs symbolic computation of the necessary derivatives
of the data functions. Taylor series method computationally
takes a long time for larger orders while DTM method reduces
the size of the computational domain, without massive compu-
tations and restrictive assumptions, and is easily applicable to
various physical problems. The method and related theorems
are well addressed in [9,10].

In this work, we have employed HPM, ADM and DTM to
solve (1 + n)-dimensional Burgers’ equation. Four numerical
examples are carried out to validate and illustrate the above
three methods.

2. Homotopy Perturbation Method (HPM)

To describe HPM, consider the following general nonlinear
differential equation

A(u) — f(r) =0,

under the boundary condition

reQ, (3)

Ou
B(u,%) =0, reoQ, (4)

where A4 is a general differential operator, B is a boundary
operator, f(r) is a known analytic function, and 0 is boundary
of the domain Q. The operator A can be divided into two parts
L and N, where L is a linear operator while N is a nonlinear
operator. Then Eq. (3) can be rewritten as

L(u) + N(u) — f(r) =0, ©)

Using the homotopy technique, we construct a homotopy:
v(r,p) : 2 x [0,1] — R which satisfies

H(v,p) = (1 = p)[L(v) = L(uo)] + p[A(v) = fTr)],

H(v,p) = L(v) — L(uy) + pL(uo) + p[N(v) — f(r)],

, reQ, pelo]

(6)

where p € [0, 1] is an embedding parameter, u, is the initial
approximation of Eq. (3) which satisfies the boundary condi-
tions. Obviously, considering Eq. (6), we will have

H(v,0) = L(v) — L(up) = 0, }

H(v,1) = A(v) —f(r) =0, ™

Changing process of p from zero to unity is just that v(r, p)
from uy(r) to u(r). In topology, this is called deformation,
and L(v) and A(v) — f(r) are called homotopy. The homotopy
perturbation method uses the homotopy parameter p as an
expanding parameter [4-6] to obtain

V=" +pV1 +p2V2 +P3V3+"': E PnVn- (8)
n=0

p — 1 results the approximate solution of Eq. (3) as

uilimV:V0+V1+V2+V3+"':ZV,,. (9)
p—1 ‘=
A comparison of like powers of p give the solutions of various
orders.
Series (9) is convergent for most of the cases. However, con-
vergence rate depends on the nonlinear operator, N(v).
He [6] suggested the following opinions:

1. The second derivative of N(v) with respect to v must be
small as the parameter p may be relatively large.
2. The norm of L~' 2¥ must be smaller than one so that the ser-

v
1€s converges.

Now we implement HPM method to Eq. (1). According to
HPM, we construct the following simple homotopy

Ou (@1 g Pu_ O, Tuy_p 0] g
o P\ "M T 2o Bax "oxz) Pox, | T
(10)

With the initial approximation u(xy, Xo, X3, - . ., X5, 0) = (X,

X2, X3, - - ., Xp), We suppose that the solution has following form
U(X1, X0, X3y ooy Xy 1) = U (X1, X2, X3, - .oy Xy 1)
+ pu (X1, X2, X3, ooy Xy 1)
+ PPun (X1, X2, X3, 0oy Xy 1)
+p3ug(xl,xz,X37 ce Xy 8) oo (11)

Now substituting from Eq. (11) into Eq. (10) and equating the
terms with like powers of p, we get

o Oup

P ’E_O’ (12)

Vo _02“°+1 —82“°+z _82u0+ +o Puo + pu
L N N I 9x2 o,

BN
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